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Abstract

This article develops a factorization-based operator framework for two-variable discrete Gould—Hopper—Appell polynomials within As-calculus.
Following the Infeld—Hull factorization principle, the framework employs degree-dependent sequences of operators, rather than a single pair of
ordinary quasi-monomial operators. From the generating function, we derive the recurrence relation, lowering and raising operators, and nor-
malized integro-type operators. Their successive degree-matched compositions yield explicit difference, integro-difference, and partial-difference
equations. Exact triangular Volterra integral representations are also established through the associated differential representation. The general
results are specialized to Gould—-Hopper—Bernoulli, Gould-Hopper—Euler, and Gould-Hopper—Genocchi families, with the Genocchi case treated
separately. Numerical investigations of complex zeros, polynomial surfaces, generating-function reconstruction, and quantitative convergence as
6 — 0 complement the analytical results and illustrate the discrete-to-continuous behavior of the proposed polynomial families.
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1. Introduction and preliminary framework the construction of solutions to difference and differential equa-
) ) o S tions. The As-calculus provides a discrete counterpart of clas-
Special functions hold an indispensable position in math-  gjcq] analysis: the forward difference operator As[f(u)] :=

ematical physics and applied analysis. Polynomial sequences  f(, 4+ §) — f(u) plays the role of the ordinary derivative, and
constructed via generating functions furnish unified tools for letting § — 0 recovers the standard continuous framework. The
investigating orthogonality relations, approximation theory, and A framework offers several decisive advantages over classical
(6 = 1) difference calculus: (i) the step size J is a free param-
eter that can be tuned to match the mesh resolution of a given
numerical scheme or the lattice constant of a physical model;
(ii) the generating function (1 + 67)*/° reduces to “* as § — 0,
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providing a smooth deformation that links discrete and contin-
uous theories and allows one to track how operators and equa-
tions deform as the grid is refined; and (iii) the richer algebraic
structure of the As-product rule, compared with the unit-step
rule, yields operator identities with explicit 5-dependence that
are invisible in the § = 1 theory.

These features make the As; framework particularly well
suited for approximation theory, for numerical analysis of dif-
ferential equations on non-uniform grids, and for the study of
discrete dynamical systems whose step size is a modelling pa-
rameter rather than a fixed integer. Within this setting, As-
counterparts of Hermite, Gould—Hopper, Appell, and associ-
ated polynomial classes have drawn sustained research interest;
see, for example, [1, 2, 3, 4,5, 6,7, 8, 9].

The factorization method, introduced systematically by In-
feld and Hull [10], provides an operator-based procedure for
treating eigenvalue and related differential-equation problems
through the composition of suitable first-order operators. In the
context of polynomial sequences, He and Ricci [11] adapted
this approach to Appell polynomials by constructing lowering
and raising operators whose composition yields the correspond-
ing governing differential equation; subsequent extensions of
this viewpoint may be found, for example, in [6].

Let {P.(w)}, be a polynomial sequence satisfying
deg(P,(u)) = n, where n € Ny := {0,1,2,...}. Suppose that
two operators @, and ®; act on this sequence according to

@, (Pr(w) = Pr-1(u), O (Pu(w) = Puri(w). (1)
The operators ®;, and ®;; are referred to as the lowering (anni-
hilation) and raising (creation) operators, respectively. This op-
erator viewpoint is closely related to the poweroid/monomiality
framework initiated by Steffensen [12] and subsequently de-
veloped for generalized polynomial families by Dattoli, Ce-
sarano, and Sacchetti [13]. In this sense, a polynomial sequence
endowed with compatible lowering and raising actions is de-
scribed as quasi-monomial.

Applying the raising operator first and then the correspond-
ing lowering operator gives the fundamental factorization rela-
tion

(@, D} 1Pu(w) = Pulu). @

Indeed, ®; maps P,(u) to Ppnii(u), while @ ., maps the re-
sulting polynomial back to #,(u). Hence, relation (2) is the
factorized operator identity used to obtain the governing equa-
tion. For Appell-type polynomial systems, the use of such op-
erator compositions to derive differential equations follows the
approach of He and Ricci [11]; generalized finite-order versions
were later investigated by Ozarslan and Yilmaz Yasar [6]. Once
explicit realizations of @, and ®; are determined, their com-
position yields the corresponding governing equation. In the
present Ay setting, the analogous construction is implemented
with difference operators rather than ordinary differential oper-
ators and will be used below to construct the relevant lowering
and raising operators and, through their successive composi-
tion, to derive the governing equations for the polynomial fam-
ily under consideration.

Figure 1 shows representative polynomial profiles, each
normalized to unit maximum absolute value on the plotted
range so that shapes of different degrees can be compared on
one axis; it is used only for qualitative shape information and
no claim that all n zeros are real is made. Table 6 and Figure 2
display the complete complex zero sets. Figure 3 compares
Bernoulli and Euler patterns. Figure 4 gives the reproducible
closed-form generating-function benchmark. Figure 5 shows
the bivariate surfaces. Figure 6 reports a normed convergence
error versus ¢ together with a fitted log—log rate. Figure 7 com-
pares the three special families.

The classical Appell sequences {R,(v)} are characterized
by [14]

R = 3 Ru(h) =, 3)
n=0 '

where R(t) = Y o R, 7"/n!, Ry # 0, is analytic at 7 =
0. Such sequences satisty R(v) = nR,_1(v) and admit the
binomial-type expansion R,(v) = Y{_, (Z)Rk V=% Three fun-
damental members—Bernoulli, Euler, and Genocchi polyno-
mials—are collected in Table 1, with initial values of their
number-sequences given in Table 2.

Almusawa [1] introduced the As-bivariate Appell polyno-
mials AL (u, v; 6) through the generating relation

00

Y@ (1+ 60" (1 + 67" = 3" A (u,v;6) T, meN,
n!

n=0

4)
where (1) = X220 ¥k 78/k!, Yo # 0, for the regular Appell
branch. The Genocchi case, for which ¥(0) = 0, is treated
separately by the shifted factorization /(1) = TJ(T) with (0) #
0; see Section 4. Choosing ¥(7r) = 1 in (4) produces the As-
Gould-Hopper polynomials 7-(,(lm)(u, v;0); see also [2, 4, 3]. The
As-forward difference operators act on &Z{;m)(u, v;0) according
to

B { AT 1, v;6)) = 06 AL, (u,v;.6), 5)

WA { A, v;8)) = SALw,v;0),  (6)

(n—m)!
For later factorization steps we use right inverses only on the
polynomial sequence space & = span{ﬂﬁ,m) 1 n > 0}, with the
normalization that the inverse has zero component in the null
space of the corresponding forward difference. Thus

1
—1 [ gm) N ) YO
WAL 0,0 0)) = — A w,v:.0), (7
— |
WA {ﬂf,"f)m(u,v;5)}=%ﬂﬁ{’”(w,v;é), n>m. (8)

Equivalently, on this normalized range, MA(;(MA(;I f) = f and
uAgl(uA[; ) = f—1,f, where II, is the projection onto the
u-independent null space. Every cancellation below is made
only after this normalization has been specified. For compar-
ison with ordinary quasi-monomiality, the generating-function
symbols often written for this family are [1]
m—1 ’
u myT™ V' (1) N

log(1 + o71)
D(t) = ————.
1+6t 1+0om" @

M) = U no

®
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Table 1: Principal members of the Appell family [15, 16].

Name R(T) Generating function Numbers
Bernoulli B,(v) — =3B (v) B, := B,(0)
er—1 oy
2 N ._ nn 1
Euler E,(v) T e 1 ZE (v)— E,=2"E,(})
Genocchi G 27 SR G, = G(0
enocchi G,(v)  ——— =" = ZO R A

Table 2: Initial values of Bernoulli, Euler and Genocchi num-
bers [17, 16].

1 1 1
B, 1 3 g 30
E, 1 0 -1 5
G, 0 1 -1 1

These are generating symbols, not the operators used in our
proofs: they depend on 7 (and D also on n), and therefore do
not by themselves define an operator on the polynomial vari-
able. The present work instead follows the Infeld—Hull-He—
Ricci factorization philosophy: for each degree n we construct
a sequence of normalized operators {L,, R,} acting on &2, ver-
ify L, A, = A,-1 and R, A, = A,+1, and only then form the
degree-matched composition

(Ln+l o Rn)ﬂn = Ln+1(Rn(ﬂn)) = ﬂn (10)

Thus the factorization here is deliberately more structured than
the ordinary two-operator quasi-monomial identity: the nor-
malization changes with the degree and several compatible u-,
v-, and integro-factorizations coexist.

The practical relevance of the polynomial families studied
here is threefold. First, the recurrence relations and shift op-
erators derived for the As-Gould—Hopper Appell family pro-
vide a systematic basis for constructing stable quadrature rules
and interpolation schemes on non-uniform grids, which is a di-
rect application in approximation theory. Second, the governing
difference equations can model discrete dynamical systems in
which the step size 0 is a tunable parameter reflecting, for exam-
ple, the lattice constant of a crystal or the sampling interval of
a time series; the zero distributions studied numerically in Sec-
tion 5 then give direct information about the spectral properties
of such systems. Third, the closed-form Volterra integral equa-
tions enable the design of spectral methods for discrete bound-
ary value problems, since they recast the polynomial evaluation
problem into a fixed-point iteration accessible by standard nu-
merical analysis techniques.

The paper proceeds as follows. Section 2 derives the recur-
rence relation (Theorem 2.1) and then presents, each as a dis-

Profiles of 542 (u,0.5;0.1), n=2, ..., 7 (normalized)

1.00 1 — n=2 =— n=5
n=3 —— n=6
— n=4 — n=7

0.751

0.50 1

0.251

0.001

—0.251

—0.501

Normalized value (unit max-norm)

—0.751

—1.001

Figure 1: Profiles of Bﬂﬁlz)(u, 0.5;0.1) forn = 2,...,7, each
normalized to unit maximum absolute value on u € [-2.5,2.5];
the curves illustrate shape changes only.

tinct theorem with its own proof, the u-lowering operator, the
v-lowering operator, the u-raising operator, and the v-raising
operator, together with the governing difference equation ob-
tained from their factorized composition. Section 3 establishes
the two integro-lowering operators, the two integro-raising op-
erators, the integro-difference equation, and the partial differ-
ence equation via the integro-operators, each formulated as a
separate theorem. Section 4 records all results for the three spe-
cial cases in comprehensive tables containing every equation
written out explicitly, including the partial difference equations.
Section 5 derives the Volterra integral equation and provides
numerical illustrations, including a reproducible root table.

2. Main results

For compactness write D, := ,As/0 and D, := ,As/6. Then
DA™ = nﬂ(m)l and D, ﬂ(m) =n!/(n - m)'?((m) These are

exact finite-difference identities; no ordinary derivative is iden-
tified with a forward difference.

Theorem 2.1 (Recurrence relation). Let 6 > 0 and m € N be
fixed, let u,v € R, and let Y(1) = Y0 ¥i7*/k! be analytic
on a disk |t| < Ry with yo # 0 (the regular Appell branch).



Complete complex zero sets: Bernoulli type, m=2,v=0.5,n=2,...,8
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Generating-function benchmark: u=0.7,v=0.5,6=0.1, T=0.18
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Figure 2: Complete complex zeros (real and non-real) of
AP (u,0.5;6) forn =2,...,8 and & € {0.05,0.10, 0.20}, tabu-
lated in Table 6. Roots are obtained from the full coefficient
vector; conjugate pairs are retained and residuals are below
1078,

Stacked zero distributions, 6=0.1, m=2,v=0.5

Bernoulli type Euler type
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Figure 3: Stacked zero distributions for Bernoulli-type (left)
and Euler-type (right), 6 = 0.1, m =2, v = 0.5.

Then, on the disk || < R := min(Ry, 1/(6), 6~'/™), the map
T = YA + 509 + 570 is single-valued and analytic
(the two binomial factors are defined by their principal branch,
which is analytic for |07| < 1 and |67"| < 1 respectively), so the
generating relation (4) defines ﬂfqm)(u, v;0) € R unambiguously
for every n > 0 as n! times the n-th Taylor coefficient at T = 0;
in particular the term-by-term differentiation used below is jus-
tified on |t| < R. Under these hypotheses, ﬂ;’")(u, v; 0) satisfies,
for every n > 0, the exact recurrence

m . n m
AL, v;8) = ) ( k)ﬂn_k,(s A" (u,v; 6)

k=0
n —6-]
+un! Z g A™ (u, v; 6)
— (n— ! "
j=0 (1D
L(n—m+1)/m] :
-5
+mvn! %
= m-—mj—m+1)!
X ﬂflnfznjfmﬁ(u, v; 0).

Truncation order N

Figure 4: Generating-function benchmark at u = 0.7, v = 0.5,
0 = 0.1, 7 = 0.18: truncated EGF versus the closed-form left
side of (4). Calculations use IEEE double precision; the plotted
error is absolute error.

Surfaces of 5A{?(u,v;0.1)

Figure 5: Three-dimensional surface plots of Bﬂf)(u, v;0.1)
(left) and A (u, v; 0.1) (right).

where Ay s is defined by (12), and where the last sum is under-
stood to be empty — hence equal to 0 — whenever |(n — m +
1)/m] < O, i.e. whenever n < m — 1. (No claim is made that
W'Y or the recurrence extends to the Genocchi case yy = 0;
that case is treated separately in Section 4 through the shifted
regular function ¥ = /1, to which this theorem applies verba-

tim.)
o o, T
v ,;;A""f T}

the right-hand side being the Taylor expansion of the (analytic,
since Yo # 0) logarithmic derivative of .

7| <R, (12)

Proof. Both sides of (4) are analytic functions of 7 on |[7] < R
by the hypotheses above, so they may be differentiated term by
term on this disk. Differentiating the generating function (4)
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Quantitative discrete-to-continuous convergence

® observed error ®
fit: rate =1.17

10° 4 (J

Max-norm error on u €[—3, 3]

Figure 6: Quantitative discrete-to-continuous convergence for
Bﬂ(éz) with v = 0.5: maximum-norm error on u € [-3,3],
relative to the 6 — 0 limit Bﬂéz)(u, v) = lims_yg Bﬂgz)(u, v;0)
(classical two-variable Gould—Hopper—Bernoulli polynomial),
versus 0 € {0.4,0.2,0.1,0.05,0.025}. A log-log least-squares
fit gives an observed rate of approximately 1.17 over the dis-

played mesh sizes, consistent with the first-order term —%672 in
67 og(1 + 67) — 7 = O(5).
Bernoulli, Euler, and Genocchi types, 6=0.1, m=2,v=0.5
n=3 n=4
07\ — Bemaulli 150
N, Euler
20 \,\. —-- Genocchi 100
10 N
S~ ) 50 _
0 T o
o e
-10 e
-50 —
-20 7
-100 /7
~30 /
_a0 —1501
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600 \v\ 2000 \
400 N
\. 1000
200 RN .
'~ .z 0 _(_.;___._______.._‘—-—»’/
. e -
~1000 s
-200 7
200 ~2000 /,/‘
600 ~3000 /-/‘
-2 -1 0 1 2

Figure 7: Bernoulli, Euler, and Genocchi types forn = 3,4, 5, 6,
0=01,m=2,v=0.5.

with respect to 7, we obtain

' (1)

e )

1 +(STW(T)(I +61)10(1 + 5718

* TY:T_; ()1 + 6001 + 6710 (13)
= 27‘% (u, v; 6);—,;.

5
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Using (4) and (12), equation (13) can be written as

Z/lka

Tr
x Z A (u, v; 6)—
r!

r=0

myt™ 1

+—
1+6T 1+ o6t

(14)

Zm m ™
— m .
= ﬂn+l(u’ V,5)m.

n=0

For the first term on the left-hand side, the Cauchy product

els ) ;[Ww}

Further, using

Jrl Jmi
Z T Z -8y, (16)
we obtain
u - 7" (=6)/ T
A — = AN = (7
1+5T; "o l Z(n—])‘ "= n! a7
Similarly,
m—1 r r
mvr mT _ Jjmj+m—1 m T
1+5Tmrz:(;ﬂr r! va( o' rz(;ﬂr r!

(=6)

m-—mj—m+1)!

oo [(n—m+1)/m]
!

Jj=0

ﬂ(m)

n—mj— m+1] l’l_

(18)

Here the upper limit follows from the requirement
n—-mj—-m+1=0,

and hence
n—m+1
< —
m

If no non-negative integer satisfies this condition, the corre-
sponding sum is understood to be empty.

Substituting (15)—(18) into (14) and comparing the coeffi-
cients of 7" /n! on both sides gives

n

7 n
ﬂ( ")l(u Vv, (S) = Z (k)/ln_k’(sﬂ;(m)(u’ v, 6)

=0
+un‘Z(( 6) ﬂ(m)(u v;0)

L(n—m+1)/m]
+ mvn!

(=)
= m—-mj—-—m+1)!
ﬂ(mmj m+1(u Vs 6)

which is precisely (11). O
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Theorem 2.2. The u-lowering member of the factorization se-
quence is

1

M, = — s, n>1, (19)
no
and M;{AM™} = ‘7{,(1”—1)1'

Proof. Applying ,As to (4) and using

uBs(1+67)"° = 57(1 + 67)"/°,

Dt ﬂ("’) =6t am’.
n!

n>0 n=0

we obtain

Comparison of coefficients gives
DAL = ns AT

Division by né proves (19). This is an exact forward-difference
identity. O

Define on the normalized sequence space & the composite
operator

Q= 6" As w7V, (20)

The right inverse in (20) is the normalized inverse defined after

(8); hence no arbitrary summation constant is present.

Theorem 2.3. The v-based lowering member of the factoriza-
tion sequence is
6m—2

1 -

My = Q= —— As AN, iz, (2D
n n

and \M;{AM} = A 'f)l

(

n
Proof. For every n >
inverse in (7) gives

1, repeated use of the normalized right

(n+m— Dlgm1” mmel-

Applying the exact v-difference identity to the resulting degree
n + m — 1 polynomial yields

A (m— l)ﬂ(m)

A A (m— l)ﬂ(m) n! (}’l +m — 1)'
m+m-Doml (n-1)!
x § A" = ne® " A™.

Multiplication by ¢”~2/n proves (21). This argument is valid
for all n > 1 and does not require a negative factorial or an
unrestricted commutation through the inverse difference. O

Theorem 2.4. The u-raising member is

Z nkd nk
(n—k)lem+" A

+ MZ(—I)juAé (22)
=0

L(n—m+1)/m] :
- (=1y AP
§lm=1(j+1) o :
Jj=0

— ﬂ(m)

n+1°

and uM;[{ﬂi,m)}

Proof. Repeated use of (19) gives

WAGA = SAM,  0<r<n,

]

and therefore
m) _ k!

(m)
k nlon- kU 5 ﬂ

Substituting these expressions for all lower-index polynomials
in (11) and collecting the operators acting on 3{,(1'" ) gives (22).
Hence

ﬂ(m)

n+1°

M{AM) =

Theorem 2.5. The companion v-raising member is

n

im 3
k=0

Y j ((sm-2 ~(m-1))/
+u Z(;(—é)’ (6" 2,850, ") 23)
=
L(n—m+1)/m] ) A
. m—2 —(m=1)\nJj+m—
+my (=8) (6" 2 Asutr;"V)
j=0

where the products are interpreted through the degree-matched

L - - m_

sequence action; equivalently one may substitute A" =
m—2 ~m=1)\"K Z(m) . . .

k!(rS WAV AW ) A, [n! directly in (11). It satisfies

MHA) = 3{“’”

n+1°

Proof. By Theorem 2.3,

QA" = A",

r-1°

so that \

(n—k)!
Replacing each lower-index polynomial in (11) by this formula
gives the expression (23). Therefore

QA =

ﬂ(m)

n+l°

M{AMY =
O

Theorem 2.6. The exact governing difference equation satis-
fied by A (u, v; 6) is

1 2 An-ks k - .
———A%Z}——ﬁﬁAZ+MZGWA§
n+ 1o £ (n-k)'s =

l(n—m+1)/m]
+ mv

(_])j m(j+1)— m
gy = A v 8) = 0

(24)
Equivalently, use of the forward-difference product rule ex-

pands this expression into a finite linear combination of forward
differences of A only.
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Proof. The adjacent raising and lowering relations give

ﬂ(m)

uM;ﬂ,(;n) n+1° M;Jrlﬂ(m) = ﬂfzm)-

n+1

Thus
(M, o M)A = A

Substituting (19) and (22), and using

uAé[fg]

then collecting equal powers of ,As, yields (24). O

= f(M + 5)14A6g + guAéf,

Remark 2.1 (Verification at low degrees). From the defining
generating function,

AL (1, v 8) = o,
and the exact u-difference identity gives

Do A =5 A, A A = 26 A.

Hence the normalized lowering operator satisfies
—gm) _ g(m)
M A=A,

— qg(m) _ g(m)
M; A = A"

Using the explicit recurrence defining the raising operator, one
similarly checks

MO ﬂ(m) ﬂ(m) uMiFﬂ(lm) - ﬂ;m)
Consequently,
(. M_ o M+ )ﬂ(m) ﬂ(m) (uM_ o M+)ﬂ(m) ﬂ(m)

These direct checks confirm the degree-matched factorization
and the governing equation at the first admissible degrees, mak-
ing the resolution of the normalization question fully transpar-
ent.

3. Integro-operators and associated equations

The inverse differences in this section are the normalized
right inverses on &2 defined after (8). Consequently, all com-
positions are identities on the stated sequence space; no unre-
stricted cancellation of an inverse difference is used.

Theorem 3.1. The u-integro-lowering operator is

1 o 2 —me1
My = =Qu = —— A A, Y, (25)
n

and M AL = A

Proof. From the exact relation used in Theorem 2.3,

Aéu —(m— 1)ﬂ(m) n62 mﬂ(m)
Multiplying by 6™~ /n gives
M ﬂ(rn) ﬂ(m)

n—1°

which proves (25). O

Theorem 3.2. A second, genuinely v-integral lowering factor-
ization is

M= EVA(;IMA'"“ (26)

and M; AT = ﬂ( )1 whenever n > m + 1; the finitely many
lower degrees are deﬁned directly by (19).

Proof. Repeated u-lowering gives

n! 5+ (m)
P A
(n—m-— 1)' n=m=1

Using the normalized inverse v-difference,

Am+ 1 ﬂ(m)

—m=1!
A, = Co A,
Consequently,
A ATTAM = g A
Division by nd™ proves (26). O

Theorem 3.3. The u-integro-raising operator is obtained from
the recurrence by the exact substitutions generated by (25):

n

/ln_k(s _ — —l) n—k
WMy =y T (62 A A )
L (n-k)!
z i cm— —(m— J
+u Y (=6) (6" s, ") @7
J=0
L(n—m+1)/m] . bt
+ my (=6) (6", Asut; ") :
Jj=0
Then M; A = A

n+1°
Proof. Iteration of Theorem 3.1 gives
n!
5 2 JAs A_(m D ﬂ(m) —ﬂ(m) .
( ) (n — r)'

Substituting this relation for every lower-index polynomial in
(11) and simplifying the factorials gives (27). Hence

m (m)
M+‘7{( ' = ﬂn+l

O

Theorem 3.4. The v-integro-raising operator for ﬂﬁf")(u, v;0)
is

Aok o
M= 2 rgmn (451 )
o

+u Z o

L(n—m+1)/m]
+ mv

n—k

eV
(25" W) (28)

(_6)j - m
( Aé‘luA(; +1

mj+m—1
ommj+m—1) \V ) :

=0
and it satisfies
MEAD @, v;8) = A (u, v; ).

Here every inverse v-difference is the normalized right inverse
defined on &.
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Proof. From Theorem 3.2, repeated normalized lowering

yields
VA_IMA”H—I rﬂ(m) _ 6’11rﬂ(m)
( 6 o ) n (I’l _ r), n—r*
Thus
gm - =D (45" A1
n—r nlemr VES u=o n

Substitution in (11) gives the explicit expression (28), and
hence
ﬂ(m)

n+1°

MA =
O

Theorem 3.5. The exact integro-difference equation satisfied
by A™ (u, v; ) is

Qm n /ln—kﬁ (5’”*2 Ay A_(m_]))n—k
n+ 1 & (n-h) v

(=8 (572t ")
) 29)

L(n=m+1)/m] el
. -
(=0 (6" 2, Asuts; " V)" }- 1]

+ my
=0

X A" (u, v;8) = 0

All inverse differences in this expression are the normalized
right inverses on & fixed in the preceding definitions.

Proof. The adjacent integro-raising and integro-lowering ac-
tions satisfy

ﬂ(m)

n+1Y *n+1

ﬂ(m)

+
“Mn ‘?{Ezm) n+l? M ﬂﬁlm)

Substituting the explicit expressions (25) and (27) into this
composition and moving the right-hand side to the left gives
exactly (29). The inverse differences are the normalized right
inverses fixed on . O

Theorem 3.6. Applying uAg*’”’l to the explicit integro-
difference relation gives the partial difference equation

m X /ln— —(m-1)\"k
uAg+m—l Q k.0 (6m_2vA6uA§( 1))
n+1 = (n—k)!

n
+u Z(—é)j (6" 2,850,V
Jj=0
L(n—m+1)/m]
+ my

(_6)]' ((5m_2vA6uA;(m_l))mj+m_l } B I}
j=0
X A (u,v;6) = 0
(30)
After the normalized cancellations described in the proof, this
relation contains no uncontrolled inverse-difference term.

Proof. Apply uAg*’"‘l to (29). The normalized inverse powers
of ,As cancel within their prescribed sequence action, leaving
only forward differences in u and v. Collecting the remaining
terms gives (30). O

4. Special cases and tabulated results

We now specialize (4) to the Bernoulli and Euler regular
Appell branches and treat the Genocchi branch by the shifted
regularization described below. For compactness define

Br+l(1) 8r
=— r = —_, >0,
ﬁr P B & ) r 0
so that By = gy = —%, and
d d 2 T
r o —1 = r .
d‘r ( ) Z'B ! dr Og(e’+ l) ;8 r!
Here

1 & (r
_?;(j)E""'

Throughout the tables below we use the already defined degree-
lowering operator

) —(m—1
Q= 0"""\As uAg(m )9 Qmﬂ&m) = r&*’l@l

The specialized formulas are kept in the same summation struc-
ture as Theorems 2.1-3.6; in particular, no j = 0 term from the
v-sum is replaced by an expression proportional to A" .

Genocchi shifted regularization. For

Tll
m)v/a _ Z Gcﬂzm)_',
n!

n>0
write
WO =~ U@+ P14 s = ;%m”_
Then
AT =0, GAM =nA™, nx1. (3

No logarithmic derivative of 27/(e” + 1) is used.

5. Exact Volterra integral representations and numerical il-
lustrations

The full root set used to produce Figure 2 is recorded in
Table 6 for reproducibility.

The ordinary derivative of the discrete generating factor is
0,(1+67)"/% = 61 log(1+67)(1+87)"“/%; therefore it must not be
replaced by 7(1 + 67)*/ when § # 0. Expanding the logarithm
gives the following exact finite identity on every polynomial of
degree n:

0 S (=1/et )
9 amy, e s) =
G (. v0) Ezl ;

(m) .
=) ﬂn_j(u, v;0). (32)

At u = 0, the generating function gives

n

A0, v:6) = Z( )w,fH('”(o v;6). (33)

k=0
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Table 3: Exact specializations for As-Gould—Hopper—Bernoulli polynomials A (u, v; 6).

Result Explicit expression
Generating function VO(T + 6710 = Z Bﬂ(n’")(u, V; 6)T—‘
) por n!
Series expansion A (u,v;6) = Z ( k) By H,” () (U, v;6)
k=0
(m) _ - ”)ﬂ (m) (- 5) (m)
BA,, = ok A, +un! BA,"
. ; (k ¢ ,zO: (n =)
Recurrence relation '
L(n—m+1)/m] (—(5)j -
+ ! _— A" .
e L4 =mj—mr D e
1
u-Lowering M, = %MA(;, M, {pA™) = ﬂ(m
1 6m—2 o
v-Lowering M, = -Q, = VA(;MAﬁ(m b M {pAM)} = ﬂ(m)
n

Table 3: Exact specializations for As-Gould—Hopper—Bernoulli polynomials A (u, v; ) (continued).

Result Explicit expression
ﬂn k A —k C JoAJ
= D e s S
L =0
u-Raising L 1)/m] .
(_ 1 )j m(j+1)-1 M+ ﬂ(m) ﬂ(m)
+ my 6(m_1)(j+1)u 5 5 {B } n+l*
Jj=0
Z o k)'Q" + MZ( -6)'Q),
v-Raising L 1)/m)] '
+ my (~oyQu !, WMy (A} = Bﬂs?l'

j=0
uA6 - ﬂn k
(n+ 15 | & (n - k)lon—+" =
l(n—m+1)/m]
+ my

Difference equation

1/

=0

Qy

. k=0
Integro-diff. eq. =t 1))
+my

J=0
n

Partial diff. eq.

Sm=D(+H "6

(=oyam

kg uZ( 1/,A

Am(j+l)—l} _ I:|Bﬂ51m) =0.

O Bk ek P
n+1{z(n—k)!"2'" +”;( 0 o

1} - I]Bﬂg") =0.

L(n—m+1)/m]

- ik iritm=t\ _ g qm _
n+1{,Z‘n o ”‘Z( Q) (-, } I}Bﬂn 0.

J=0

Theorem 5.1 (Exact triangular Volterra integral representa-
tion). For every n > 1, the polynomial A satisfies the fol-
lowing exact integral relation, which we call an exact triangu-
lar Volterra integral representation: the right-hand side involves

only A™. for j > 1, ie., strictly lower-degree members, so

n—j
the system is lower-triangular in degree and determines ﬂflm)

uniquely by recursion from the initial data. (The description
“Volterra equation of the second kind” would require A it-
self to appear under the integral; since it does not, the more pre-
cise term “triangular Volterra integral representation” is used
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Table 4: Exact specializations for As-Gould—Hopper—Euler polynomials AT (u,v;6).

Result

Explicit expression

Generating function

Series expansion

00

n=0

n—k

(u,v;6)

= Z E A (u, v;6)—
n!

Eﬂ;m)(“’ v;0) = Z (k) 7_{(m)
k=0

m - n m - (_6)j m
EDY (k)s”‘k A unt Y o b A
k=0 =0 (n=j)
Recurrence relation
L(n—-m+1)/m] P
+ myv n' L ﬂ(m)
L4 (-mj—mt D) B nemj-m+ 1
1
u-Lowering M, = _6MA6’ M {pA™Y = ﬂ(m)
n
1 6m—2 o
v-Lowering WM, = -Q, = A"V, M {p A} = p A
n
Table 4: Exact specializations for As-Gould—Hopper—Euler polynomials A (u, v; ) (continued).
Result Explicit expression
_ En—k JoAJ
= St
u-Raising Lt 1)/m)]
(-1)/ AP AMY = A
+my =D+ *7s ’ M b=pA, 0
=0
c En—k
M= + -5’Q)
e k)'a" uZ( ),
v-Raising Lt 1y/m)] o
+ my (=@, M AM) = A
=0
uhs Z Enk +uZ( 1)/, Al
(n+1)6 (n— k)lon+" =
Difference equation Lt 1yfm] 1y s
m(j+1)= (m) _
+ my WMA6 }—I:|Eﬂn =0.
=0
G)m - En—k An—k - i
T -6)’ %1
n+ 1{;1 % ”;( ye
Integro-diff. eq. Lt 1)/m] o
+my (—6)@2/*’"‘1} - I]Eﬂf,'m =0.
Jj=0
n L(n—m+1)/m]
Partial diff. eq. AT + 1{2 En Ik{)‘an kg MZ( SY QL + mv Z (—syQritm! }— I]Eﬂ;'m =0.
n e (n— =

throughout.)

AP, v36) = )
+ f 3

n

k=0

(’,Z)wm“”(o v:6)

u N (—1)j_15j_1

=1

n!

J

(n—

D

A (E,v:6) dé.

(34)

10

The equation is triangular in the degree and hence determines
(m) -
A, uniquely once the lower-degree members are known.

Proof. Equation (32) follows by multiplying the generating
function by 6" log(1 +67) = ¥ ;5 (=1)/"'6/~'7// j and compar-
ing coeflicients. Integrating (32) from O to u and inserting (33)
yields (34). Thus no second-order truncation, no uncontrolled
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Table 5: Exact shifted formulation for As-Gould—Hopper—Genocchi polynomials Ge AT (u, v; 8).

11

Result

Explicit expression

Generating function

00

= > G AT, v )
n!

n=0
Series/shift relation GeA™ = nﬁ:’f)l n>1), GeA™ = Z (Z)Gk?{'(f’)‘
k=0
n—1 P
(m) n- —m) 0 Zm
G A = (n+ 1) ;( ] )en O 1)'Zﬁﬂn y
Recurrence relation - with the last sum under-
R
-1 7 A
+my(n—1)! ]; (n—mj—m)!ﬂ"_’”j_’”]’ n>1,
stood as empty when n < m.
1
u-Lowering M, 6. = _6”A6’ WM, GelGeAMY = .‘ﬂ;m)l, nx1.
’ n
1
v-Lowering wM, 6o = =@y, vM;, clGeAM™Y = ﬂim)l, nx1.
’ n

Table 5: Exact shifted formulation for As-Gould—Hopper—Genocchi polynomials Gcﬂf,m)(u, v; 0) (continued).

Result

Explicit expression

Raising operators

n+1

MJr . and M’:GC{GCﬂ;}n)} ﬂ(m)

+ .
forn>1, MnGC. b

Let 1\~4;’ denote either exact raising operator of Theorems 2.4 or 2.5 specialized with A; = &;. Then,

Difference equation My, geo My .~ DA™ =0, n > 1, where the lowering and raising members are the normal-

Integro/partial
equations

ized shifted operators stated above.

The exact integro-difference and partial-difference equations are obtained by applylng the degree-

normalized transfer (31) to Theorems 3.5 and 3.6 for the regular shifted family A No direct

substitution of 27/(e” + 1) into (12) is made.

Table 6: Complete complex zero sets of Bﬂf,z)(u, 0.5;6) type polynomials, computed directly from the closed-form generating
function (4) (normalized residual |p(z)|/(1 + 3 laxz*]) < 1078 for every root). This is the numerical root table underlying Figure 2.

) n Zeros z = Re(z) + iIm(z)

0.05 2 0.525000 — 0.943950i, 0.525000 + 0.943950:i

0.05 3 0.575466 — 1.635373i, 0.499067 + 0.000000i, 0.575466 + 1.635373i

0.05 4 0.635486 —2.219936i, 0.514514 — 0.650348i, 0.514514 + 0.650348i, 0.635486 + 2.219936i

0.05 5 0.699260-2.745317i, 0.551803 — 1.176772i, 0.497872 + 0.000000:, 0.551803 + 1.176772i, 0.699260 + 2.745317i

0.05 6 0.764424 —3.232715i, 0.600556 — 1.639707i, 0.510020 — 0.497290i, 0.510020 + 0.497290i, 0.600556 +
1.639707i, 0.764424 + 3.232715i

0.05 7 0.829976 — 3.693357i, 0.654868 — 2.065631i, 0.542018 — 0.915520i, 0.496276 + 0.000000i, 0.542018 +
0.915520i, 0.654868 +2.065631i, 0.829976 + 3.693357i

0.05 8 0.895476 —4.133930i, 0.711788 — 2.467470i, 0.585627 — 1.291572i, 0.507109 — 0.392887i, 0.507109 +

0.392887i, 0.585627 + 1.291572i, 0.711788 + 2.467470i, 0.895476 + 4.133930i

identification ,As < d,, and no unsupported use of v, | as so, with ¢(u) := 83?(5,"')(14, v;0),
differential-equation coefficients is involved.
For completeness, differentiating (32) once more gives the ! 1)2
p g (32) g o) = Z r_l (-1) lﬂi'm)’( o)

exact second-derivative identity

623{5{") n nl 57—2{r1 (_1)r—:|

o L(n-r)!

(n—n)! Jr=p

ﬂ(m)

n—r>

=) 39
11

(36)
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Table 6: Complete complex zero sets of Bﬂg,z)(u, 0.5;6) type polynomials, computed directly from the closed-form generating
function (4) (normalized residual |p(z)|/(1 + 3 laxz*]) < 1078 for every root). This is the numerical root table underlying Figure 2.

(continued).
0 n Zeros z = Re(z) + iIm(z)

0.10 2 0.550000 — 0.929606i, 0.550000 + 0.929606i

0.10 3 0.651908 — 1.611857i, 0.496185 + 0.000000i, 0.651908 + 1.611857i

0.10 4 0.769103 — 2.206498i, 0.530897 — 0.578564i, 0.530897 + 0.578564i, 0.769103 + 2.206498i

0.10 5 0.889714—-2.756916i, 0.615463 — 1.039877i, 0.489646 + 0.000000i, 0.615463 + 1.039877i, 0.889714 + 2.756916i

0.10 6 1.010672 —3.279703i, 0.716583 — 1.464043i, 0.522745 — 0.365160i, 0.522745 + 0.365160i, 0.716583 +
1.464043i, 1.010672 + 3.279703i

0.10 7 1.131186 —3.783092i, 0.820795 — 1.872318i, 0.610532 — 0.664439i, 0.474973 + 0.000000i, 0.610532 +
0.664439i, 0.820795 + 1.872318i, 1.131186 + 3.783092i

0.10 8 1.251053 —4.271858i, 0.925789 — 2.271289i, 0.704430 — 0.963538i, 0.518728 — 0.135127i, 0.518728 +

0.135127i, 0.704430 + 0.963538i, 0.925789 + 2.271289i, 1.251053 + 4.271858i

Table 6: Complete complex zero sets of Bﬂf)(u, 0.5;6) type polynomials, computed directly from the closed-form generating
function (4) (normalized residual |p(z)|/(1 + 3 laxz*]) < 1078 for every root). This is the numerical root table underlying Figure 2.

(continued).
0 n  Zeros z = Re(z) + iIm(z)

0.20 2 0.600000 — 0.898146i, 0.600000 + 0.898146i

0.20 3 0.807875 — 1.563621i, 0.484250 + 0.000000:, 0.807875 + 1.563621i

0.20 4 1.030238 —2.180591i, 0.569762 — 0.388639i, 0.569762 + 0.388639i, 1.030238 + 2.180591i

0.20 5 1.251612-2.774569i, 0.783472 —0.718451i, 0.429833 + 0.000000i, 0.783472 + 0.718451i, 1.251612 + 2.774569i

020 6 1.471906 — 3.354110i, 0.956456 — 1.085045i, 0.226255 + 0.000000Z, 0.917022 + 0.000000i, 0.956456 +
1.085045i, 1.471906 + 3.354110i

0.20 7 1.691343 —3.923125i, 1.132220 — 1.473154i, 0.124413 + 0.000000Z, 0.609198 + 0.000000i, 1.319262 +
0.000000i, 1.132220 + 1.473154i, 1.691343 + 3.923125i

0.20 8 1.910050 —4.483900i, 1.313153 — 1.871175i, 0.709486 — 0.061212i, 0.021451 + 0.000000i, 1.713170 +

0.000000i, 0.709486 + 0.0612124, 1.313153 + 1.871175i, 1.910050 + 4.483900i

Double integration gives

dA™ dA™ g
3 (u,v;0) = 0,v;0) + f p&dé,  (37)
u ou 0

SAM™
AP, v;6) = A0, v;6) + u ?”

u

" f f o) d dé
0 0

and Fubini’s theorem yields

0,v;0)
(38)

(m)

)
A (u,v; 6) = A™(0, v; 6)+u ?”
u

0, v;0)+ fo (U—E)p(E) di.

(39)
Consequently the kernel multiplying ¢ is exactly u — &; there is
no missing or inconsistent n-dependent factor. Substitution of
(36) in (39) gives

) (m)
A (u, v; 6) = A™(0,v;6) + u A,

ou
" - n!
_ —5r—2
+f0(u f);(n_r)!

(0,v;6)

r-1 -1 r=2
ﬁ}ﬂfﬁi@,v;@ de.
=1

(40)
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which is equivalent to the exact triangular Volterra representa-

tion above. U
Corollary 5.1 (Bernoulli-type). For y(t) = t/(e” — 1),
c n m
BA (W, v;6) = ) ( k)Bkﬂ;_,i(o, v 8)
k=0
u N -1 j-1g5j-1 !
N f Z (-1) ' 4 n 1)
0 J (n—= D!
X g A (&, v;6) dE.
Corollary 5.2 (Euler-type). For y(t) =2/(e” + 1),
n n -
EA @ v;0) = ( k)Em,i,i(o, v;6)
k=0
n! 42)

=

u N (—l)j_l5j_l
! le TRT

X gAY (E,v; 6) dE.
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Corollary 5.3 (Genocchi type). For y(1) = 27/(e” + 1), the
shifted regularization of Section 4 gives, forn > 1,

Ge AL (U, v38) = (Z)Gkﬂ,i”fim, v:6)
k=0

u N _lj—léj—l
v [
i J

X Ge A (&, v; 6) dE.

n!
(n—=p!

(43)

Remark on the Bernoulli coefficients. The coeflicients B; en-
ter only through the initial value (33); they are not used as ad
hoc coeflicients of a second-order differential equation.

The numerical calculations below use m = 2 and v = 0.5.
All polynomial coefficients are obtained by direct symbolic
Taylor expansion of the closed-form generating function (4)
(Python/SymPy), avoiding any recourse to a possibly-truncated
recurrence. Roots are computed from the full polynomial coef-
ficient vector using double-precision companion-matrix eigen-
values (NumPy), with residual check |p(2)|/(1 + X laz¥]) <
1078; conjugate pairs are retained, so the plots show the com-
plete complex zero sets rather than only real roots. The
generating-function benchmark uses u = 0.7, v = 0.5, 6 = 0.1,
7 = 0.18, and compares the truncated exponential generating
series with the closed-form left side of (4). The discrete-to-
continuous test uses the maximum norm on u € [-3,3] for
n=6.

6. Concluding remarks

This article has constructed a complete and non-redundant
operator calculus for the As-Gould—Hopper Appell polynomials
A (u, v; 6) through systematic application of the factorization
technique. Beginning from the generating function, we estab-
lished the recurrence relation (Theorem 2.1) and then proved, as
four individually self-contained theorems, the u-lowering op-
erator (Theorem 2.2), the v-lowering operator (Theorem 2.3),
the u-raising operator (Theorem 2.4), and the v-raising operator
(Theorem 2.5). The governing difference equation was deduced
independently via the factorization composition M, o M,
in Theorem 2.6. The integro-operator results in Section 3
supplied the two integro-lowering operators, the two integro-
raising operators, the integro-difference equation, and the par-
tial difference equation, each as a distinct result. The triangu-
lar Volterra integral representation (Theorem 5.1) was derived
through a rigorous argument invoking double integration, the
Fubini exchange of integration order, and initial data obtained
from the generating function, with three explicit corollaries for
the Bernoulli, Euler, and Genocchi specializations.

Tables 3-5 present all results in consolidated full-width ta-
ble format, with every equation—including the partial differ-
ence equations—written out fully for each family. Seven nu-
merical figures in Section 5 provide computational validation
of the zero distributions, convergence behaviour, and the struc-
tural role of the discrete parameter o.

13

13

Several limitations of the present framework deserve ac-
knowledgment. First, the exact triangular Volterra integral rep-
resentation of Theorem 5.1 follows from the finite coefficient
identity generated by ¢~'log(1 + ¢7) and does not require a
second-order truncation or any assumption on i; the repre-
sentation is determined solely by the analyticity of ¥(r) with
Yo # 0. The existence and uniqueness of the triangular sys-
tem follow from the lower-triangular structure: each A is ex-
pressed through its initial value and integrals of strictly lower-
degree members, so the system is solved recursively without
iteration. An extension to kernels with integrable singularities
would require a different functional framework (e.g., weighted
12 spaces). Second, the numerical illustrations are restricted to
the case m = 2; the computational behaviour for larger values
of m remains to be explored systematically. Third, a rigorous
treatment of orthogonality and moment functionals for the As-
Gould-Hopper Appell family has not been pursued here and
represents a natural complement to the operator theory devel-
oped.

Among the open directions emerging from this work, the
operator machinery can be extended to three-variable hybrid
families such as As-Gould—Hopper-Legendre and As-Gould—
Hopper-Laguerre Appell polynomials, following analogous
multivariable schemes available in the literature. The recur-
rence relations and shift operators derived here provide a sys-
tematic basis for constructing quadrature rules and stable inter-
polation schemes on non-uniform grids, which is a direct appli-
cation in approximation theory. The governing difference equa-
tions can also serve as prototype models for discrete dynamical
systems whose long-time behaviour is encoded in the zero dis-
tributions studied numerically in Section 5. Extensions to other
discrete generating factors, alternative difference operators, and
higher-dimensional polynomial families provide further natural
directions. A second direction involves (p, g)-deformations: re-
placing ,As with the Jackson g-difference operator converts the
Volterra equations into g-integral equations accessible through
g-series theory [15], with potential links to quantum groups
and combinatorial identities. Third, a matrix-operator approach
in the spirit of [18] would yield computationally efficient al-
gorithms for evaluating A (u,v;6) and for solving discrete
boundary value problems in spectral methods and mathematical
physics. Collectively, these studies advance numerical methods
for solutions of differential equations [19, 20, 21].

Data availability

No new empirical data were collected or generated in the
course of this study. All numerical computations were per-
formed in Python (version 3.11) using SymPy 1.12 for symbolic
Taylor expansion of the generating function (4), NumPy 1.26
for companion-matrix eigenvalue computation, SciPy 1.11 for
auxiliary numerical routines, and Matplotlib 3.8 for figure
generation. The parameters used are specified in Section 5:
u =07, v =05 6 = 0.1, T = 0.18 for the benchmark;
6 € {0.4,0.2,0.1,0.05,0.025} for the convergence test; m = 2
throughout. The normalized residual tolerance for root-finding
is [p@I/(1 + X larZ]) < 1078, The Python scripts used to
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produce Figures 1-7 and Table 6 are available from the cor-
responding author upon reasonable request as supplementary
material.
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