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1. Introduction

Convexity is a fundamental concept in mathematical analy-
sis with applications in optimization, engineering, physics, in-
formation theory, and inequality theory. Its importance has led
to several generalizations that extend classical results to broader
classes of functions in Refs. [1, 2]. Related developments and
applications can be found in Refs. [3, 4].

Strong convexity refines ordinary convexity by introducing
a positive modulus. Karamardian in Ref. [5] established a ba-
sic connection between strong convexity and strong monotonic-
ity. For functions of two variables, Dragomir in Ref. [6] in-
troduced convexity on the coordinates and showed that every
convex function on a rectangle is coordinated convex, while
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the converse does not generally hold. Adil ef al. in Ref. [7]
subsequently introduced coordinated strongly convex functions
and established corresponding Slater-, Jensen-, and Hermite—
Hadamard-type inequalities. Further results in this direction
were obtained in Refs. [8-10].

Ullah et al. in Ref. [11] extended this framework by in-
troducing coordinated strongly s-convex functions, where s €
(0, 1]. This class reduces to coordinated strongly convex func-
tions when s = 1 and provides a broader setting for the study of
integral inequalities for functions of two variables.

Quantum calculus, or g-calculus, concerns analogues of
classical differentiation and integration without using lim-
its. The g-derivative and g-integral introduced by Jackson n
Ref. [12] recover their classical counterparts as ¢ — 17. These
operators have been applied to various problems in analysis,
particularly integral inequalities and differential subordination
(Refs. [13-17]). Silviya and Muthunagai in Ref. [18], for ex-
ample, studied differential and fuzzy differential sandwich the-
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orems involving quantum calculus operators. Quantum-based
mathematical methods also arise in other areas, including quan-
tum computing (Ref. [19]). The present work is concerned
specifically with Jackson’s g-difference and g-integral opera-
tors.

Quantum integral inequalities for functions of two vari-
ables have received considerable attention. Trapezoid- and
Simpson-type estimates for coordinated convex functions were
developed in Refs. [20, 21], while quantum Ostrowski-type in-
equalities and related Montgomery identities were studied in
Refs. [22-24]. Further extensions under generalized convexity
assumptions were obtained by You et al. in Ref. [25], Kalsoom
etal. in Refs. [26, 27], and Zhang et al. in Ref. [28]. Closely re-
lated to the present study, Mishra et al. in Ref. [29] established
quantum trapezoid-type inequalities for coordinated strongly
convex functions.

Motivated by these developments, we extend the quan-
tum trapezoid-type framework to coordinated strongly s-convex
functions. A symmetric modulus convention is adopted for the
two coordinates, consistently with the characterization in terms
of partial mappings. Starting from a mixed quantum integral
identity, we derive three estimates using direct estimation, the
quantum Holder inequality, and the quantum power mean in-
equality. Their classical counterparts are obtained by taking
q1,q> — 17. We also provide examples in which the required
coordinated strong s-convexity assumptions are verified explic-
itly, together with numerical and graphical illustrations of the
resulting bounds.

The remainder of the paper is organized as follows. Sec-
tion 2 reviews the definitions and auxiliary results required for
the subsequent analysis. Section 3 presents a mixed quantum
integral identity, the main trapezoid-type inequalities, and their
classical limits. Section 4 provides explicit examples, numeri-
cal computations, and graphical illustrations. Finally, Section 5
summarizes the main findings.

2. Preliminaries

This section presents the basic definitions and auxiliary re-
sults used in the sequel. Throughout the paper, let

A = [ar, bi] % [az, by] € R?
be a rectangle, and let
A° = (a1, b1) X (a2, b))
denote its interior. We assume that
4,491,492 € (0, 1).

2.1. Convexity notions
We first recall the classes of convex functions required in
the main results.

Definition 2.1. [30] A function ¥ : [a;,b;] — R is said to be
convex if

P(ru + (1 — 1)) < 7PW) + (1 — 1)P(v)

for all u,v € [a,b;] and T € [0, 1].

Definition 2.2. [31] Let ¢ > 0. A function ¥ : [a1,b1] — R is
said to be strongly convex with modulus c if

P(ru+ (1 - 1W) < PW) + (1 = PO — cr(1 — T)(u — v)*
forall u,v € [a;,b;] and T € [0, 1].

Definition 2.3. [32] Let ¢ > O and s € (0,1]. A function V¥ :
[ai,b1] — [0, ) is said to be strongly s-convex with modulus
cif

Y(tu+ (1 =7Ww) < %) + (1 = 1)) — er(l — ) — v)?
forall u,v € [a;,b;] and T € [0, 1].

Definition 2.4. [6] A function ¥ : A — R is said to be coordi-
nated convex if, for every fixed v € [ay, b;], the partial mapping

Yo = ¥(u,v), u € lay, b,

is convex on [ay, b1 ], and, for every fixed u € [ay, b1], the partial

mapping

Pu(v) = ¥(u,v), v € [az, by],

is convex on [a, by]. Equivalently, ¥ is coordinated convex if

Y(ruy + (1 = Duy, Evi + (1 = Ey)
<& (ur, vy) + (1 = E¥(ur, v2)
+ (1 =1)E¥(uz,v) + (1 = 7)1 = EF¥(u2,v2)

for all uy, up € [ay, b1], vi,v2 € [a2, b3], and 7, & € [0, 1].

Following Ref. [7], we recall coordinated strong convexity
using the moduli of the two partial mappings.

Definition 2.5. Let c;,c; > 0. A function ¥ : A — R is said
to be coordinated strongly convex with respect to (ci, ¢y) if, for
every fixed v € [ay, by ], the partial mapping

Vo) =¥, v),  wuela,bil,

is strongly convex with modulus ¢; on [ay, b,], and, for every
fixed u € [ay, b ], the partial mapping

\Pu(v) = T(“? V), v E [a27 bZ]’

is strongly convex with modulus ¢, on [a, b ].

The preceding definition yields the following symmetric
four-point inequality:

W(ruy + (1 = Dua, vy + (1 = Eny)
<&y, vy) +7(1 = E¥(u1,v2)
+ (1 =Dé¥(uz,v1) + (1 = 1)1 = ¥ (u2, v2)
—1t(1 = D)y — 2)? — 26(1 = vy — ),
for all uy, us € [ay, b1], vi,Vv2 € [az, by], and T,é: € [0,1].

Following Ullah et al. in Ref. [11], we recall the corre-
sponding s-convex class.
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Definition 2.6. Let ¢;,¢c, > 0 and s € (0,1]. A function ¥ :
A — [0, o) is said to be coordinated strongly s-convex with
respect to (cy, ¢;) if the following conditions hold:
1. For every fixed v € [ay, by ], the partial mapping
Wy (u) = ¥(u, v), u € [ar, bil,

is strongly s-convex with modulus ¢ on [a;, b;].
2. For every fixed u € [ay, b1], the partial mapping

Yu(v) =¥, v), v € [az,by],
is strongly s-convex with modulus ¢, on [ay, b, ].
The corresponding four-point estimate is given below.

Proposition 2.1. Let ¥ : A — [0, o) be coordinated strongly
s-convex with respect to (cy, ¢z). Then

Y(ruy + (1 = Dug, évi + (1 = Enyp)
STEYur,vi) + (1 = 6)(u, v2)
+ (1 =1z, vi) + (1 = 1)*(1 = )" (uz, v2)
— a1l =D = 1)* = 2é(1 = &) = m),
for all uy, u, € [a, b1], vi,v2 € [az, b2], and 7, € € [0, 1].

Proof. Set

2.1

U = tup + (1 — uy, Ve =&vi + (1 = &Eva.

By the strong s-convexity of the partial mapping in the first
coordinate,

WUz, ve) < (Ui, ve) + (1 = 1)°P(uo, ve)
— (1 =)y — up)*. (22)
Applying strong s-convexity in the second coordinate gives
W(ui,ve) < E(up, vi) + (1 =€) P(ur, v2)
— 02é(1 = O (v =)
and
W(u, ve) < EP(up, vi) + (1 — €)™ P(uz, v2)
— (1 = O (v = ).
Substituting these estimates into (2.2), we obtain
Wz, ve) < TEY(ur,vi) + 7°(1 = £°W(ur, v2)
+ (1 =18z, vi) + (1 = 1)°(1 = §)"W(uz, v2)
—ert(l =)y — up)*
— o[t + (1 =] = Hn =)

Since s € (0, 1],
T+ -7)°>1.

Consequently,
— o + (1=’ = v =)
< —0f(1 =) (v =)

This proves (2.1).

Remark 2.1. The displayed four-point formulas in Refs. [7, 11]
contain an additional factor 2 in the penalty term associated
with the second coordinate. In the present paper, ¢; and ¢, de-
note the strong s-convexity moduli of the partial mappings in
the first and second coordinates, respectively. Accordingly, the
symmetric penalty terms

—c17(1 = D)(uy — u2)* — c26(1 — E)(vy — va)?

are used throughout the paper.

2.2. Basic g-calculus

In this subsection, we briefly review several fundamental
concepts of g-calculus that will be needed in the subsequent
analysis. Let ¢,q1,9> € (0,1) and A = [ay, b] X [az, by]. For
convenience, we use the following notation throughout the pa-
per:

K

l_
T iftkeR

0, if k = 0.
For k € N, this reduces to

k—1

klg=1+g+---+gq

Definition 2.7. The ,q-derivative of a function ¥ : [a,h] — R
cont.
at u € [a, b] is defined by
Y(u) - ¥Y(qu + (1 - @)a)
I-Qu-a

aDq\P(u) = u+a. 2.3)

If u = a, we define
aDg¥(a) = lim ,D,¥(u),

provided that the limit exists and is finite; see Refs. [16, 33].
When a = 0, equation (2.3) reduces to

W(u) - ¥(quw
A-qu ~’
which coincides with the classical g-Jackson derivative; see

Refs. [12, 34]. We next introduce the corresponding right-sided
g-derivative.

ODq“P(M) = u+ 0,

Definition 2.8. The ?g-derivative of a function ¥ : [a, b] —[> R
cont.
at u € [a, b] is defined by
P(qu + (1 - q)b) = P(u)
(1-q)b-u

"D, (u) = , u#b. (2.4)

If u = b, we define
"D,Y(b) = lirréqu‘I‘(u),

provided that the limit exists and is finite; see Ref. [15].

We now define the associated g-integrals.
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Definition 2.9. The ,g-integral of a function ¥ : [a¢,b] — R
cont.

from a to u € [a, b] is defined by

f\P(r) dz—(l—q)<u—a)2q”1/(qu+(1— g")a). (2.5)

y=0

When a = 0, equation (2.5) reduces to
[ vwde=a-au Y vigw,
0 =0

which corresponds to the classical g-Jackson integral; see
Refs. [16, 33].

[a,b] — R

cont.

Definition 2.10. The ?g-integral of a function P :
from u € [a, b] to b is defined by

b )
f W) dyt = (1= b =10 Y ¢"¥(gu+(1 = gb). (2.6)

When u = 0, equation (2.6) becomes
b )
[ worde=a-apY v -gm.
0 =

see Ref. [15].

2.3. Two-variable quantum integrals

Quantum integrals for functions of two variables were first
introduced by Latif et al. in Ref. [35] and subsequently studied
by Budak et al. in Ref. [36].

Definition 2.11. [35] Let ¥ : A — R be a function of two
variables. Then, for (u,v) € A, the quantum integral is defined

U V
f f (5, 1) 4yt 0y s
a) ar

= =g = g)(u —a)(v - a)

oo

XD Z dids ¥(giu+ (1 = gDar, gy + (1 = gh)az).

k=0 1=0

Definition 2.12. [36] Let ¥ : A — R be a function of two
variables. Then, for (u,v) € A, the following quantum integrals
are defined by

U bz
f W(s,0)2d,t 4 dy, s
=1 =g = g2)(u—ay)(by—v)

X Z Z%% du+ 1 =ghar, gyv+(1 - qlz)b2),

k=0 [=0

b] V
f f W(s, 1) gydyyt Pdy, s
u ar

= =gl = q2)(b1 —u)(v — a2)

00

x D dhab¥(gfu+ (1= gD, ghv + (1 - ghas),

k=0 1=0

b] b2
f f Y(s,1)2d,,t7d,, s

=1 =g = g2)(b1 —u)(by — V)

00

x> Z By ¥(dhu+ (1 = gb, gy + (1 - gh)ba).
k=0 1=0
The following ¢, g»-derivatives for functions of two vari-
ables were introduced by Latif ef al. in Ref. [35] and later ex-
tended by Budak et al. in Ref. [36].

Definition 2.13. [35] LetW¥ : A —> R be a continuous function

of two variables, where 0 < q1 < land 0 < g5 < 1. The
partial g;-derivative, g,-derivative, and g;g,-derivative of ¥ at
(u,v) € A are defined as follows:

a0 Y, v)  P(u,v) = ¥(quu+ (1 -q)ay,v) "t a
a0, (1= q)u—a) ’ v
0P, v)  Pu,v) —P(u,qv + (1 — q2)az)
= . VEa,
azaqzv (1- 612)(\’ - a)
and
@ “2 q1 IIzLP(u v)

a0g,U 4,00,V
1
T (=g - g —an —a)
X [Pquu + (1 - gar, q2v + (1 = g)az)
- Y(qiu+ (1 - gpay,v) —¥(u, g2v
+ (1= g)az) + ¥, v),

The function ¥ : A — R is said to be partially ¢;-, ¢»-, and

cont.

q19»-differentiable on A if

u+a,v+a.

a) aql \P(M, V)

dlaCIl u

w0g, P, V)

w04,V

ap, a» q1 qz‘{l(u V)

alafh uazafhv

s b}

exist for all (i, v) € A.

2.4. Mixed quantum partial derivatives

Following Ref. [36], we introduce the one-sided and mixed
second-order partial g-derivatives used throughout this paper.

Definition 2.14. [36] Let

A = [a1,by] X [a2,b2] C R?,

let ¥ € C(A), and let ¢,q> € (0,1). The right-sided partial
q1-derivative of ¥ with respect to the first variable is defined by

019, Y(u, v) _ Wqiu+ (1 = q)by,v) = ¥(u,v)

= , u#b.
big, u (1 =gy — ) 1
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Similarly, the right-sided partial g,-derivative of ¥ with respect
to the second variable is defined by

P05, (. v) W, qav + (1 = g2)ba) — Pu, v)
P204,v (I = q2)(b2 =) '

The mixed left-left partial g-derivative is defined by

# b.

al,azaiwz‘l’(u, V)
a0g, 1,00,V
1
(I =g = q)(u—av-a)
X [P, v) = W(gru+ (1 - gar,v)

—¥(u,q2v + (1 — q2)az)

+W(qiu+ (1= gnar, qv + (1 - g)ar)|,

for u # a; and v # a,. The mixed left-right partial g-derivative
is defined by

ar 7 q1.q2
b
dlaql u Zaqzv

bg2 iy, v)

1
(=g = @) —a)(by—v)
X [W(guu + (1 = gi)ar,v) + ¥(u, gov + (1 = g2)b2)

—W(qiu+ (1= gnar, g2v + (1 = g2)ba) = ¥(w,v),

for u # a; and v # b,. The mixed right-left partial g-derivative
is defined by

b
08, P, V)
blaﬁhullzaéhv
B 1
(I =g = q2)(b1 —u)(v — az)

X [‘P(Cllu + (1 =qnb1,v) + ¥(u, q2v + (1 = q2)az)

—W(qiu+ (1= q)bi, g2v + (1 = g2)a2) = ¥(u,v),

foru # by and v # a,.
Finally, the mixed right-right partial g-derivative is defined
by

38 V)

b9, ubd,,v
_ 1
— (1= q)(1 = q2)(by — u)(by — v)
x [(guu+ (1 = q)b1. gov+ (1 = g2)b2)

= W(quu + (1 = q)b1,v) = P(u, 2v + (1 = @2)bo) + P(u, )],

for u # by and v # b,.

For convenience, the four mixed second-order partial g-
derivatives used throughout this paper are denoted by

2
ara g, 4, P (U, v)

ap 66[1 uazaqzv

bl

p1(u,v) =

b2 g2 Y(u,v)

a1 7 q1.92
b 9
a1a¢11u zaqzv
by 52
@ 8511,412 Pu,v)
b 9
1aqluazaqzv

©r(u,v) :

e3(u,v) :=

and

5% W)

w4(u,v) := W‘

The endpoint configurations of these derivatives are, respec-
tively,
(ar,by), (bi,a2), (b1,b2).

Furthermore, assume that ¥ is twice continuously differentiable
on an open neighborhood of A. Then, for every

(a1, a2),

(u,v) € (a1, by) X (az, by),

all four mixed partial g-derivatives recover the classical mixed
partial derivative as g1,q>» — 1~. More precisely,
e g

lim ¢;(u,v) = ¥y (u,v) = —@w,v), i=1,23,4
=1 6\/

q ou

el

2.5. Auxiliary lemmas

We now present the auxiliary results used in the proofs of
the main theorems.

Theorem 2.1 ( g;q>-Holder inequality for functions of two vari-
ables [35]). Let A = [a;,b1] X [a2,b3], 491,92 € (0,1), and let
Y, T : A — R be g-integrable functions. If py, p, > 1 satisfy

1 1
—+—=1,
P11 P2

bl 2

f f |‘P(u, V)Y (u, V)| aquzv a dql u
a a
b b 1/p1
< (f f W, VI 4,dyg,V aydy, u)
a Ja,
b by 1/p2
X (f f 1Y, VIF? 4,dg, v oy dy, u) '
ap a

The following mixed quantum integral identity was estab-
lished by Wannalookkhee et al. in Ref. [23].

then

Lemma 2.1. Let ® : A — R be a function whose four mixed
partial g-derivatives ¢, @2, ¢3, ¢4 exist on the corresponding in-
teriors of A. Suppose that these derivatives are g-integrable on
A. Define

m_a1+b1 m _a2+b2
1= 2 ’ 2 = 2 .
Then
D(ay, az) + O(ay, b)) + ©(by, az) + ©(by, by)
4
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1 fn fmg
+ O(x,y)"d,,y™d, x
b —al)(bz—az>( P e
f f D(x,y) mydg,y ™ dy, x
+f f _(D(x,y)mquzymldthx
a
by
f f DO(x,y) m, qzymldqlx)
my my

m( @ ((D(x7 a2) + (D(x, bZ)) mldqlx

by
+ f ((D()C, az) + O(x, b2)) m dql X)

my

1
2(by — a2)
by

( _((I)(al’y) + (I)(blay)) mquzy

((D(al ’y) + (D(bl ,}’)) mquzy)

(bl—m)(bz—aﬂ f f (0161)(265)

1-6 1+0 1-0 1+0
X 1,01( 1Cll-i- lbl, 2a2+ zb)

2 2 2
1—91 1+91 1+92 1—92
—¢2 ) ai ) 1> )
1+ 6 1-6, 1—92 1+92
|l a by, >
1+6 1-6 1+6 1—9
+904( 5 Laj + 5 Lby, 5 2a zbz)}
X qu292 ()dq1 0. 2.7

The following estimates will be used repeatedly in the
proofs.

Lemma 2.2. Letg € (0,1) and s € (0, 1]. Then

1 0o
f 01 +0) odyf) = (1= q) > "(1 +q")'
0 m=0

1
S@+[S+2]q.

(2.8)

Proof. By the definition of the Jackson g-integral,

1 0
f 0(1 +6)* od,0 = (1 — q)z q2m(1 + "y

0 m=0
Since s € (0, 1], the subadditivity of the function x — x° gives

(1+6°<1+6, 0<6<]1.

Therefore,
(1 +6)° <6+6"".

Integrating both sides yields

! 1 1
01 + 6)* od,0 <
fo (1+6) [2]q

[s+2]q'

Lemma 2.3. Letg € (0,1) and s € (0, 1]. Then

1 oo
[ on-oridp=a-0 fma-gy

1 s
< -
21, [Blq
Proof. By the definition of the Jackson g-integral,

fea—e)?ode-(l—q)Zqu(l— Y

m=0

(2.9)

Since x — (1 —x)* is concave on [0, 1] for s € (0, 1], its tangent

line at x = 0 gives
1-0)°<1-s0, 0<6<1.

Hence,
0(1 - 0)° <6 — s6°.

It follows that

1 1
f (1 — 0)* od,0 < f (0 — s6) 0d,0
0 0

1 s
21, Bl
O
Lemma 2.4. Letg € (0,1) and s € (0, 1]. Then
f<1+9> W= (1= > "1+ gy
m=0
1
. 2.10
[s+1], ( )

Proof. The equality follows directly from the definition of the
Jackson g-integral. Since

(1+6)°<1+6,

1 1
f(1+9)sodq9$f(l+93)0dq9
0 0

0<0<1,

we obtain

T

Lemma 2.5. Letg € (0,1) and s € (0, 1]. Then

1 0
fo (1-6)° od,0= (1~ q)Zq’"(l -q")
m=0

<l 2.1D)
Proof. For0 <6< 1ands e (0,1],
0<(1-0°<1.

1 1
f(l—@)’odqﬁsf lod,0=1.
0 0

Therefore,
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3. Main results

In this section, we establish new g-trapezoid-type inequal-
ities for coordinated strongly s-convex functions on bidimen-
sional intervals. These results extend and generalize several
existing inequalities by employing the identity in Lemma 2.1
together with g-integral techniques.

Theorem 3.1. Let A = [a;,b1] X [a2,b2] € R?, and let @ :
A — R be a function whose four mixed partial g-derivatives
©1, 2,03, 04 exist on A° and are g-integrable on A. Suppose
that |1, |21, l¢3], and |¢4| are coordinated strongly s-convex on
A with respect to (eq, e;), (€3, €e4), (es, €5), (€7, eg), respectively,
where ¢; > 0 fori=1,...,8 and s € (0, 1]. Then the following

inequality holds:
O(ay, a2) + O(ai, by) + O(by, az) + (b1, by)
4
ay+by ay+by
1 f‘z fT sy
o , dgu
(b1 —ar)(by - az)( @ a e “

ay+b;
2 by ay+by

+ DU, V) ayrry dg,v "2 dgu
a ay+by 2 -
2

ay+by
by =

+f f
“1*‘[’1
DU, V) ayer, dy, V aysv, dy 1t
f;wl \f;2+b2 ( ’ )(12;2 92 al;' £

ay+by

- m(\fa‘l [(D(M, ag) + q)(l/t, bz)] %dqlu

by
+ ﬁl*bl [®(u, az) + D(u, by)] al-v-zbldqlu)
=

ay+by
D(u,v) 2 quVal‘zrb] dgu

ay+by

1 2 ay+by
(f [©(ar,v) + Dby, v)] "7 dy,v
a

2(by - ay)

)

+ f
ay+by

2

(bl—al)(bz—az)qlén[( 1L s )( (. s)
2254 2lg,  Blg /\[2]g,  [Blg

X (le1(ar, a)l + |pa(ar, bo)l + lp3(b1, ax)l + |</)4(b1,b2)|)

[@(ar,v) + @by, V)] uz;bquzv)

+

1 1
20, Bl )(mh Tlse 21,,7)
X (lg1(ar, bo)| + |<P2(al,112)| + l3(b1, by)| + |904(b1,612)|)

(
(@
(
( FTE: 2]ql )([zllq, - [312)
(
(@
(

+

X (le1(by, ax)| + |<P2(b1,b2)| + lps(ar, az)| + |904(f11,bz)|)

+

1 1
2, s+ 216,1 )(qu i 21q2)
X (lo1(b1, b)| + lpa(by, a)l + lps(ar, bo)l + |¢4<a1,a2>|)]

~ by —anbs - @4
64(2],, (41,

2
(e1 +e3+es+e7)(by —ap)

_ (b —a)bs - @193

_ 2
64[2]q1 [4]q2 (82 +e4 + €6 + 68)(b2 (12) .

3.1)

Proof. Applying Lemma 2.1 and then taking the absolute value,
we obtain

‘cb(al, ay) + D(ay, by) + Dby, az) + O(by, by)
4

ay+by ar+by

1 2 2
T o1 —anbs - aﬁ(fal f

aj+by
2

by ay+by
+ f f D(u,v) a1ty dg,v ™7 dgu
ap

2+by
2

ay+by
2
d‘ll

ap+by
: d‘[zv

ay+by

O(u, v

b] -5
+
j{:]+b| f ’ 92
D(u, v b d,y vV o dy U
ﬁl*bl ﬁﬁbz ( > )”2;’2 7 ”1;’1 q1

aj+by
1

- 2 D(u, Du, b Ty
2(bl—al)(»fa1 [ (u a2)+ (u 2)] 2 qlu

by dg U

by
+ ﬁl*‘bl [D(u, ap) + D(u, by)] M;z,ldqlu)
7 -
L12+[72

! (f [CD(al,v)+<I>(b1,v)] Y

by
. f )
(bl—ao(bz—az) f f (@10)(ga60)

1—91 1+6, 1-6, 1+92
901( Tt b, ——a+ by
1—9
2b2)

+ 1- o, + 1+ 6 1+ 92
$2 3 ai 3 e
1+6, 1-6, 1—92 1+92
+ + by, b
¥3 ( > ap 5 1 5 2)
+ 1+91 +1—91 1+92 1—92
a
$4 ) 1 ) )
odngz odq] 91.
By the coordinated strong s-convexity of |¢1], |¢2], |¢3l, and
|p4], together with Proposition 2.1, we obtain the following es-
timates. For |¢;[, we have
(1 - 91
$1
(1 -0 ) ( 1-
1+6
) ( 2) lo1(ar, b)l

{5
s

[©(ay,v) + O(b1, V)] ayin a3 d, v)

I/\

X

(3.2)

1+6, 1-6,
by, +
3 1 3 a

1+6,
b
2 2)

) le1(ar, az)l

) le1(b1, az)l

u
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1+6,\ (1+6,) 1-6;\(1+6
+( o ( 5 2) lo1(b1. by)| —e7( 5 1)( 5 1)(b1—a1>2
1-6,\(1+0 1-6,\(1+6
— e (Tl)( 1)<b1—a1) —68( > 2)( 5 2)(bz—az)2~ (3.6)
—e ( 1-6, ) ( 1+ ) (by — a2)2 (3.3) Since the left-hand sides of (3.3)—(3.6) are nonnegative, the cor-
2 responding right-hand sides are also nonnegative. Substituting

For |¢»|, we obtain (3.3)—(3.6) into (3.2), we obtain

1-6 1+6,, 1+86 1-6
SDZ( 1 + Ib 2 2b2)

“D(al,az) + @(ar, by) + ©(by, a2) + Dby, br)

2 ay 2 1, 2 as 2 4
. 1-06, S+ 92 o ) N 1 fm;b] % o ay+by ay+by J
_— u,v) 2 P u
=2 ) e B —antz —a\Jo  Ju wn
1- 91 ' 1- 9 % b> ay+b
+( 2 ) ( 2 ) el B2 * f ORP A
1+6,\ (146, ot
+ ! 2) la(b1, @)l i hz
2 2 d u
“l*hl 92 9
1+6,\ (1-6,)\
+( o ( > 2) lp2(b1, by)l
f f D1, V) ayivy dg, v a0, dy, u)
1 _ 91 1 + 01 ”l”’l 112+[72 7 7
-e3 (by —ar) ashy
: g ! [ D(u, by)] 5 d
Y ) + D(u, by)] >
—e 1 - 92 1+ 02 (b2 B (,12)2 2(b1 —611) L\l [ (M (12) (M 2)] q
2 2

For 3|, we have

L+6 -6, 1-6 1 @(D ooy E2
—_— 2
ps|— @ 7 b @ r— ) ja: [©(ai,v) + Dby, v)] -
1+6, 1 - 92 by
< 7 5 lps(ar, ar)l + ﬁ2+h [D(ay,v) + Dby, V)] az;bquzv)
2
1+01 g 1 +92 b —a)(b, —a
+( 3 )( 3 )|903(a1,b2)| S(1 212)s(+42 z)f f(cn@l)(qz@z)
1-6;\ (1-6,\ b
172 5| lesbroaz)l 61 (1 = 6:)" (11 (ar @) + oy, by)
1-6\ (1+6\
+( > ‘)( 5 )uos(bl,bzn + lp3(b1, @)l + a(br, b))
1-6, 1+01 , + (1= 001+ 6) (g1 (a1, bo)l + Ipaar, @)
—es|— (b1 —ay)
+ lp3(b1, b2)l + lipa (b, a2))
1-6,\(1+6
—eﬁ( > 2)( 2)(b2—02)2 +(L+6)° (1= 0)'(l1 (b1, )| + ga(b1, b))

Finally, for |¢4|, we obtain

(1+91 1—91 1+92
P4 + b

by
+ f [D(u, ap) + D(u, by)] al;bldqlu)

1 +by
2

+ lps(ar, @)l + lpa(ar, b))
+ (1+00)°(1+ 6) (g1 (b1, b)| + lpa(br, @)

aj 1s ap
2 2 2
. + lgs(ar, o)l + lga(ar, a2)l) | odg,02 ody, 61
<(1+01) (1+92) |¢(a a)I
= 4\ U1, U2
2 2 b1 —aNbr-a) (!
s -—— = (9161)(q262)
1+6,\'(1-6\ 64 o Jo
+ 5 5 lpa(ay, bo)
s s X [(el +e3+es+er)(1 =01 +6)(by —ar)?
1- 0 1+ 6,
+— | leatbr, @)l
Lo\ (1—6\ + (€2 + €4+ e + eg)(1 = 62)(1 + 62)(by — 02)2] 0dg,02 0y, 6
+ ( 5 ) ( 5 ) lpa(b1, b))l
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It remains to estimate the six double g-integrals appearing on

the right-hand side of (3.7). By Lemmas 2.2 and 2.3, we have
1l
f f (q1601)(q262)(1 = 61)*(1 = 62)* 0dy, 62 0dy, 61
0 Jo

= (=g = g)q1g2 )| Y gi"gd"(1 -

n=0 m=0
= 014> [(1 —q) ) g1 - q’fr]
n=0
x| =g ) a3"1 - q;"f}
m=0

s )( s )
[3]q1 [2]42 [3]42 .

q)' (1 —q3)°

1
3.8
2, (3-8)

Similarly,

< 6]1112(

1 pl
f f (q101)(q2602)(1 = 61)°(1 + 62)* 0dy, 02 0dy, 61
o Jo

=(-q)(-@)qgr Y, Y " (- )L+ gy

n=0 m=0

= 014> {(1 —q) ) g1 - q?)*]

n=0

x| - cp)Zqz (1+43) }

LR
[3]611 [2]6]2 [s + 2]q2 .

(3.9)

1
< 6]1612([2]
q1

Furthermore,

1 1
f f (@00(@a02)(1+ 6, (1 = 02)° 0,62 0d, 61
0 0

=(-gD( - g)qigp Y > qi' " (1 + g1 - gy’

n=0 m=0

=419 {(1 —q) ) a1+ q’f)‘v]

n=0
x| =g > g3 - q&”)s}
m=0

< 6]16]2(

(3.10)

1 N 1 )( 1 S )
[2141 [S+2]111 [2]q2 [3]q2 .

Finally,
1 1
f f (@00(@a02)(1+ 0, (1 + 02)° ody,62 0d, 61

= (1 -1 - )14 Z Zq%” 2+ (1 + gy’

n=0 m=0

=q192 [(1 - QI)Z 6]%"(1 +4))°
n=0

x|(1- qz)Zqz’”(l +4q5) ]

SQIQZ(

1 1 1 1
. 3.11
21, e, )(% e 21q2) G-D

For the two integrals involving the strong convexity moduli, the
geometric-series formula gives

S|
f f (q161)(q202)(1 = 01)(1 + 61) ody, 02 0dy, 61
o Jo

= (-0 -g)qax Y Y 4" (1 - g1

n=0 m=0

=q1q2 [(1 —qn ) a1 - q%”)} [(1 - qz)zqi’"}

n=0 m=0

1 B 1 ) 1
(2l [41g, ] [2]g,
9?612

= qwlz(

= — (3.12)
(2]4,[414,
where we have used
1 1 4
[z]ql [4]41 [4]111 -
Similarly,
1,
[ [ @0t - 01+ 6e)ods o, 0
0o Jo
=1 -g-p)ag Y, > a'd" (A - "
n=0 m=0
=0 [(1 —anqﬁ"} [(1 —a) ) 6" ="
n=0 m=0
~ 1 ( 11 )
", \2l, T,
3
q19;
= _N%h 3.13
21, 41, G
where
11 g
[2]112 [4](12 [4]qz '
Substituting (3.8)—(3.13) into (3.7) yields (3.1), which com-
pletes the proof. O

Corollary 3.1. Let A = [a;,b1] X [a2,b,] € R?, and let @
be twice continuously differentiable on an open neighborhood
of A. For 0 < ¢q1,q2 < 1, denote the four mixed partial g¢-
derivatives of ® by ¢, @2, ¢3, and ¢4.

Assume that there exists gg € (0, 1) such that, for all g, ¢> €
(qo, 1), these derivatives exist on A° and are g-integrable on A.
We then consider the limit g;,g> — 17. Suppose further that
le1l, leal, l3l, and |@4]| are coordinated strongly s-convex on A
with respect to
(es,e6), (e7,es),

(e1,€2), (e3,e4),
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respectively, where s € (0, 1] and the constants ¢; > 0, i =
1,...,8, are independent of ¢g; and ¢;.
For convenience, write

2

()
Ew (u,v).

(I)uv(us V) = )
Since @ is twice continuously differentiable,

lim @;(u,v) =
q—1
gr—1"

uv(u,v), i=1,2,3,4.

Therefore, letting g1,g> — 1~ in Theorem 3.1, we obtain

“I’(al, a2) + ®(a, by) + (b1, az) + (b, by)

4
1 by by
" m[al Lz D(u,v)dvdu
1 b1
2(by —an) [D(u, az) + D(u, by)] du

1 b>
_ mfaz [CD(al’V)‘l'(D(bl,v)] dv
W(l I )

= 22574 37542
X (|(Dw(a1,a2)| + |q)uv(al,b2)| + |(Duv(blsa2)| + |(Duv(b1s b2)|)

_ (b1 —a)(by — az)
512

_ (b1 —ai)(by — az)
512

2
(e1 +e3+es+e7)b —ay)

(e2+es+ e +es) by —ar)’. (3.14)
Remark 3.1. When s = 1, Theorem 3.1 is analogous to Theo-
rem 2 of Mishra ef al. in Ref. [29]. The difference arises only
from the symmetric form of the strong convexity terms adopted
in the present paper.

Theorem 3.2. Let ® : A — R be a function whose four mixed
partial g-derivatives @1, @2, 3, and ¢4 existon A°. Letiy,ip > 1

satisfy

1 1

-+ — = 1.

5] 1)
Assume that |<pk|i1 is g-integrable on A for each k = 1,2,3,4.
Suppose further that ||, |@s], |@3l", and )" are coordi-
nated strongly s-convex on A with respect to the modulus pairs
(e1,e2), (e3,e4), (es, e6), and (e7, e3), respectively, where e; > 0
for j = 1,...,8 and s € (0, 1], then the following inequality
holds:

‘q)(al, ) + ®(ay, by) + O(by, az) + ©(by, bo)

aj+by ay+by

1 2 2
+wrwmm—@xl,.ﬂ

ay+by by

3 2
+
a; "2; 2

ay+by

7d

q1

u

aj+by

O(u, v) a2t dy,v U

10

_ m(L _ ((D(u’ a2) + CD(u’ bZ)) mdql

Ll

ap +b2

dqlu

q2

DU, V) aysry dy, V agsv, dyy 1t
f f (W, V) etz dgsV 01200 o,

ay+by
P

by
+ ﬁl*bl (q)(u, a2) + (D(M, bz)) %d% u)
2

ay+by

1

u

[ 7 (@) + DBy
2(b2—a2)(,£2 (D(ar,v) + (b1, v)) 0V

by
+ ﬁ2+b2 (D(ay,v) + ©(by,v)) Q:lqquV)
= ’

16
x| (sxher(ananp + = (1+ lpi(ar, bo)l"
—-lpi(ar,a - ai,
325 pilar, az 225 [s+ 11, pilay, ba
1 .
+ =1+ ——— by, ap)|"
7 ( TESTh ) le1 (D1, a2)l

1
+F(l+

_el(

< (b1 —a)(by — a2) ( CI?CI;Z

[i2 + 1 [i2 + 1],,2]

1 1 )
[s+ 1], )(1 + ot l]qz)l(pl(bl’bZ)l

4[3]02

1 1 .
—11 J— , I
+ (225 ( + o l]qz)lfpz(m az)|

1 )
+ ﬁ|¢2(al7b2)|”

1 I I ;
e e e LR

+ 22&

e

1
—(1+

4[3]‘11

1 i
L+, ) lp2(b1, b2)

q1[2]g,

1 1 .
+l o= (1 + ——— ,ap)|"
(55 1+ o e

+

2 21, 0
—es (q41[[3]]qqll )(611 - b))’ - e (q42[[3]]qq2' ) (a2 - bz)z)
L 1 1 1 1 | |i1
+ 72s * [s+ 1], * [s+ 1], pa(ay, az)
1 i
* 55 (1 + m) lpa(ar, b))l

1
o

1+

1
+ ﬁ|¢3(b1,a2)| .

1 1 \
L+, )(1 + ot l]q2)|903(611,b2)|

2 2 0
—il[g]]zl ) (a-b)Y -e (612[ lo ) (a2 — bz)z)

0121, )\
)( a; —by)? —34(m)(a2—b2))

1 1 .
— 1+ ——— by, by)|"
* o ( Ty 1]q2)|903( 1,b2)|
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1 .
— 1+ ——— | lpatBr. )
+ 5% ( T 1]qz)|904( 1, @)l

2
223 —|@a(by, by)" — e (941[[3]]; )(m - b)?

1
q2 [2]q2 2 i
—es| —— -b . 3.15
es ( 431, (az — by) (3.15)
Proof. To apply the g, q,-Holder inequality, we first evaluate

1Al
ff(4191)'2(61292)’2dqﬂqul@l
o Jo
. . 1 . 1 .
=61’fq;2( f Hfquﬂl)( f 952%92)
0

in 12

_ 4149,
[ix + 1]4, [i2 + 1],

(3.16)

Applying the g;g,-Holder inequality together with (3.16), and
then using the coordinated strongly s-convexity of | (u, V)|,
fork =1,2,3,4, as well as Lemmas 2.4 and 2.5, we obtain

1l
f f (q101)(q26>)
o Jo

1-6, +1+92b)
a
2 2T T

1
1ol ' _ 5
< ( f f (@160)2(a02)? od, 0 odqlel)
0 0
1

1—91 +1+91b
a
@1 3 1 3 1>

1 —91 1 +91
(0

b s
D) 1

0dg,0h 0dg, 61

1-6 1+6 i
2a2+ 2b2)

3 0dg, 02 0dy, 91)”

L

L 443 2
[ix + 11q,[i2 + 11,
1-6 0\’ .
ff( 1)( 22) lpi(ar, ap)l"
+(1—91)
)
+
(5
+

1-6,
—e
"N

lp1(ar, by)l"

sol(bl,bz)r"

- 92) 1 (by, ax)|"

01
01

1
( il )<a1 by
( +

‘L
)(az - bz)z] o0dg, 0> odq191) 1

i 12
< [ 4745

i
o+ 0y 12 + l]qu 22;"/’1(“1’“2)'

’b i
* 55 ( 5+ l]qz lpi(ar, bo)l'

1
t o ( . 1]q1 )|901(b1,6lz)|'

1 1 1 .
— (1 1 i
T ( T m, )( T 1]qz)|901(b1,bz)|

ql[z]ql 2
—e ( 431, )(al —-by)

_ q2[2]q2 _ 2 %
62(4[3]q2)(a2 bz)) . (3.17)

Similarly, we have

1-0 1+6
ff(qlelxqzaz) ( —ar+ b,
1+6
. 24 bz) odgs 0 0dly, 61

< 611 q2
L2 + g, [i2 + 1]

1- 1 s .
X ff ( 91)( -;02) lga(ar, ar)l"

(1 _9‘) ( ) ga(ar, o)l
(“0‘)( ) loa(br, )l
1+6,\°(1-06 .
( - 1) 5 2) lpa(b1, Do)

)
|

1-6 1+6 T
—64( 3 2 ( 2)(02—b2)2]0d42920dq191)]
.i

2
474 B ( 1 1 i
< — 1+ —— , 1
B [[12 + 1]q1 [ir + 1]q2 22s [s + 1]q2 |902((11 a)|

1 ,
+ ﬁkﬂz(ah by)l"

1 1 1 .
— e —— 1y —— i
+ 22s( + TESTh )( + T 1]q2)|¢2(b1702)|

I I :
+ 55 (1 + m) lp2(by, bo)l
—e3 (q1[2]q, )(611 - by)?

4[3](11
2 T
—e4(‘f[[3]]‘”)(a2—b2)2) , (3.18)
q2
-0
f f (@16)(q2600)|¢ ( Laj + 1b1,

1—92 1+92
2

< 445 °
[12 + 1]41 [12 + 1

1 1- g -
L I

by

0dq, 02 0dy, 0
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le3(ar, by)I"

1-6,\° .
2) lo3(by, ap)|"
) lps (b1, by)I"

- by)?

1

1+6 n
( 5 2)(612—172)2]0074292 odqﬁl)

IA

225 ) lp3(ar, )|

1
[ + 1],

1
+ = ) lps(ar, by)|"

225

6]1 6]2
[i2 + 1], [i2 + l]q2

( S+ 1]511 ( [ + 1]112

+ §|¢3(b1,02)|i'

22s s+
5 (Zl[[;]]qqll )(611 —by)?
o). o
and
f f(ﬁll91)(61292) (e + 50,
! -;‘92612 ‘] _20219 ) odgs0 0dy, 01

L q:q? g
lix + 1]g, [i2 + 1],
ff (1+91)(1+92)‘ oalar. ap)l
2
(1+91) (
+
2
(1—6’1
+
1-6,\
2
~ +0,\[1-0
2 2
1+6,\(1-6 0
—es( * 2)( 2)(02—172)2]06142920614191)

2
i ip 7
<|- 914,
[i2 + 14 [2 + 1],

1 0
)(1 + o+ 1]qz)|904(611,02)|

1 i
(1 + m) lpalay, bo)l

1
5 lpa(ar, by)I"

1+6,

2

)

lpa(by, by)|"

ol
( ) leabr, )l
[

»—N
—
-

)(al - b))

1 1
X (— 1+
22s [s+ 1],
1
T

12
" % (1 * ﬁ) lea(br, ar)|"
+ bbbl = e (q 1[[3]]; )(cn by
o (az[[iq ) (- b”z)il : (3.20)

Combining (3.17)—(3.20) with (3.2), we obtain (3.15). This
completes the proof. U

Corollary 3.2. Let A = [a;,b;] X [a2,b2] € R?, and let ® be
twice continuously differentiable on an open neighborhood of
A. Let iy,iy > 1 satisfy

1 1

-+ == 1.

3] 1)
For 0 < ¢q1,9> < 1, denote the four mixed partial g-derivatives
of @ by ¢y, ¢, @3, and ¢4. Assume that there exists gy € (0, 1)
such that, for all g1,¢> € (qo, 1), these derivatives exist on A°
and are g-integrable on A. Suppose further that
lesl™, sl

lell™,  leol,

are coordinated strongly s-convex on A with respect to

(el > 82)’ (63, 64)’ (657 eﬁ), (875 68)7

respectively, where s € (0,1] and the constants e¢; > 0, j =
., 8, are independent of ¢; and g5.
For convenience, write

2

® v
aavu,v.

Dy, (u,v) =
Then

lim lor(u, I = @ (w, ", k=1,2,3,4.
q1—1"

@—1

Therefore, letting g1, g, — 17 in Theorem 3.2, we obtain

|q)(al,az) + D(ay, by) + (b1, az) + D(by, by)

4
1 b1 b)
o O(u,v)dvdu
(b1 —ar)(bz — az) fa‘l f[,;
1 2
T2 —an [D(u, az) + D(u, by)] du
1 bz
T 2y —an) [@(ar,v) + O(by,v)] dv
< b1 —anbs —a) |D(ar, a)"
T 1630 + 1) 22s
s+2 s
_STe , St2 .
223( 4 l)lq)uv(alst)' 223( )I(Dw(bl,az)|
(5 +2)? i
m|¢)uv(bl bo)|"

12



Sahatsathatsana et al. / J. Nig. Soc. Phys. Sci. 9 (2027) 3670 13

1/[]
e e
—é@—mf—gwrwﬁ)

( s+2 i n |(Duv(a1ab2)|il

2sfw 1L 13 (Duv . a
" 225(s + 1)| (a1, a)| 22
(s +2)? A $42
—(Duvb, i —(ow,b i
+ 225(5‘ + 1)2' ( 1 a2)| 22A( )l ( 1 2)|
1/
€ e
- é(bl —ar)’ - g(bz - az)z)
s+2 ‘
EY YRS (Duv . h
" (22‘Y(s + 1)| (a1, a)]
(s+2)° o Dby, @)l
g I bl + =
s+2 ‘
LY YT (Duv b ,b h
T s+ 1)| (b1, b))l
es ) e ) 1/i
—glimar -G -a)
(s +2)? '
25w 1 102 (Duv , 4
(22s(s T 1) Dwlarsa2)l
s+2 i
225( l)lq)uv(ala by)" Wﬂ)m (b1, a2)| i
|(Dm(b1, b2)|l'
M
e7 eg 1/i
_ g(bl - a1)2 _ g(bz - a2)2) ] (321)

Theorem 3.3. Let ® : A — R be a function whose four mixed
partial g-derivatives ¢y, ¢, ¢3, and @4 exist on A°. Let i; > 1.
Assume that I(,oklil is g-integrable on A for each k = 1,2,3,4.
Suppose further that ||, |@s], l@sl", and |4 are coordi-
nated strongly s-convex on A with respect to the modulus pairs
(e1,e2), (e3,e4), (e5, €6), and (e7, eg), respectively, where e; > 0
for j=1,...,8 and s € (0,1]. Then the following inequality
holds:

‘(D(al’ a2) + D(ay, by) + O(by, a) + O(by, br)

4
ay+by ay+by
1 (f 2 f 2 a2+b2d ay+by d
R — ,V) 2 v 2 u
92 q1
(b1 —a)(bs —ax)\ J,, a
aj+by
2 b2 aj+by
+ DU, V) ayery dg,v "2 dgu
a ap+by 1
1 2

ay+by
2

h' 2 ay+by
+ DO(u,v) "2 dy,v ayv dgut
ul+b1 ° T2

j‘;”’l j;zwz q)(u’ V) ‘Izzbz dqzv (IIJZrbI dqlu)

ay+by

- m(\fu‘l (d)(u, (12) + (D(I/t, bz)) %dqlu

b1
+ ﬁl”’l (D(u, a) + ©(u, by)) al+2h1dqlu)
7

13

ay+by
2

1 = ax+by
(f (@(ar,v) + D(b1,v)) T dy,v

C2(by - ay)

by
+ ﬁz*bz (q)(al’ V) + q)(bl, V)) angquzv)

(bl —ay)(by — ar) ( 919> )1_"11

16 21, 21,
9192 1 s 1 S i
X{[ 2 (mql [3Jql)([2lqz [31%)'“”1(“1’“2)'
q1q2 [ 1 S 1 1 i
2 (mq, B, )( 2+[s+21qz)"’"'(“"”2)'

q192 s ;
2% ([Z]q, [s+2], ([2]‘]2 3]42 ) o1 (b1, az)l
q192 :
2% ([2]4, [s+ 2 )([z]q2 T 2](12 ) lo1(y, b2)l
9192 ( ) @
4[2]42 [21111 [4]41

q192 1 1 ) 2]”
- - -b
“an, ([21q2 )

Qg2 [ 1 s 1 1 i
+[ 2 ([2Jq, lED )(qu * [s+2142)"”(“"“2)'
91612 1 s 1
o (m,,, )([2 T [3142)'*"2(“"”2)'

6116]2 ;
22s ) lp2 (b1, a)|"

42 o )
22S [2]q1 [S + 2 q1 [2]q2 3]42

[Z]ql [s + 2 )([2](12 s+ 2],12

lpa (b1, by)|"

919 2

634[21q7([21q1 4Jql)(‘“ by

_ 919 2

“an, ([2142 [41q2)(“2 "2)]

[fhzqz( ( u )I«,o3(a1,a2)|i‘
228 [2]q1 [S + 2]q| [2]q7 3]q2

) lps(ar, by)|"

e
e\, B \Rl Bl
N
]

6116]2
225 [Z]q, [s + 2 [2](12 [s + 2]q2

lps (b1, ar)l"

9192 1 1 )
2 (mq, Bl )(mq, 2, ) lo3(b1. b2)
q192
B b
“ 4[2]92 ([z]ql 4]41 )(al 1)
q192
_%MMm(BM q@%@ bﬁ]

Qg2 [ 1 1 i
[ 2 ([Z]q, i 21% ) ([2142 teal, ) palar, @)

q1q2 [ 1 1 1 s i
= (mq, e 21%)([21@ - [3142)"”4(“"” 2
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qq [ 1 s 1 i
o (mq, " B, )(mm i 21@)'“’4(”1’“2)'

6116]2 1 K 1 s ‘
_ ——
s ([ZIql [3]ql)([z]q2 [3]q2)lso4( 1,02)|
q192 ,
-b
4[2](12 Z]ql T[4, ) (a1 = b1)
q192 1 1 2]‘1}
) - —b : 3.22
“a, ([Z]qz [4](12)("2 2) (3.22)

Proof. Using the power mean inequality for double g-integrals,
we first note that

N
f f (91601)(g262) 0dg,02 0dq, 01
0 Jo

_ q192
(214,214,

Moreover, by Lemmas 2.2 and 2.3, we have

1 s
1-0
f qjg( -2 ) ody, 0
0

] (; _ ;)
21, 3]y

(3.23)

1
+ ) j=1,2. (3.24)

! 1-6\(1+6
; W(T)( 2 ) o
QJ(L_L), j=1,2.
2], [4]y

Applying the power mean inequality together with the co-
ordinated strongly s-convexity of |¢;(u, v)|"", we obtain

-6
f f (q191>(q292)¢1( i

1—92 1+92
) a + bz)

Furthermore,

(3.25)

1+6’1

by,

1 1’%
< (f f (q101)(q202) 0dy, 6> 0dy, 91)
o Jo

1 opl
1-6 1+6
X(f f(4191)(61292)901( > Lay + Ly,
0

1-6, 1+ 0
5 ay + 2bz) dq2920dq,91)1

<( q1492 )l_"ll

—\[21g,[2]g,

x[‘“qz( L )( L )m(m a)l"
2 \21,, ~ Bla \2, ~ Bl ’

Q192 [ 1 s 1 1 i
o ([21q1 gER )([2142 Yo 2],,2)'9"1(“1”’ 2

14

q192 (
22s [2]q] [s =+ 2]q|
q192

22s ([2 lgg  [s+ 2](,l [2](,2 s+ Z]qz)
q192

— 2
4] 4[2]q2 ( 2]q1 [4](]1 )(al by)

s .
) o1 (b1, an)|"

([Z]qz [31q

1 (By, by

— e 9192 (
4[2](11 2]q2 [4]117

Similarly, we have

bt 1-6
f f (161)(q262) 902( La)
o Jo

1+6 1-
2a2+ bz)

(az - bz)z] : (3.26)

1+6,
+

b1,
> D

> 0dg,02 0dg, 01

( q192 ) ’1

21, 21,,

x( f f (qloo(qzez)[(l;gl)‘(1292)‘ aar, )l
0 0
1-0,\(1-6,\° .

+( > 1) ( > 2) lpa(ay, by)I"

1+06; 1+6, :
by, h
+( 3 ) 5 ) lp2(b1, a2)l

S 1 9 S .
2) l@a(by, o)

(1+91)(al_b1)2

2 2
1
1-6,\(1+6 i
—6‘4( 5 2 ( 5 2)(az—b2)2}od42920dql91)

<( q192 ) "

214,21,

X(Wh( 1 s )( 1 .
22 \[21g, (314 /\[2]y,

ql‘h 1 s i
_ b
s ([2141 qul)([zlqz [3]@)"”(“‘ 2l

1 i
5+ 20, ) lpa(ay, az)l

L 1 )( 1 N
T [2]q1 [5+2]q| (2g,

1 i
s+ 20, ) lpa(b1, a)l

L 192 s )
= ([2] [s+2]ql ([2142 3]q2)|902(bl,b2)|

q192 2
a—b
“an, ( 2, [, )( L
q192
a—b 3.27
4[2]01 ( 2](12 4]612)( 2 2) ) ( )
bt 1+ o 1 - 91
(q161)(q202) 903( 5 by,
0 Jo
1-6 1+86
3 2 + 3 sz) odq292 ()dqlel
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1

<( 49192 ) 1
B [2]41[2]42

1-6Y\ .
(f f(CI191)(61292) ) ( 5 2) lps(ar, ax)l"

1+6 1+6 .
+( 1) ( > 2) lps(ar, by)l"

(1+91

) lp3 (b1, ar)l"

N
) lps (b1, bo)|"

)(al -by)?

~—— —— /T /
—
[\S}

2 2
1
1-6,\(1+6 L
_66( 5 2 ( 5 2)((12 _bZ)Z] Odngz Odqlgl)
1-L
S( 9192 ) I
21,121,
1 .
((I]Zqz( )( R~ )|903(611,02)|"
22s [Z]ql [S + 2141 [2]42 [3]q2
611612 1 )( 1 1 ) ,-
+ a ,b 1
22s ([2]q1 [S+2]ql [2]112 [s+2]q2 lps(ar, b))l
L1 1 s )( 1 s ) i
_ b,
22s ([2]111 [3][]1 [2]42 [3]q2 |‘PS( 1,a2)|
8 () st
+ b ,b |
T ([2]q| B, )\21, © [s+21, lp3(b1, b2)
q192 5
B 65 (al - b])
2](12 ( 2 ql 4 611)
1
9192 ) i
) a—b)f 3.28
" 2141(2142 [4] 2)<2 2>) (328)
and
e 1+6 1-6
[ [l + 580,
0 0
1+6 1-6
5 2612 + 2b2) Odq292 Odqlgl

L

<( q192 ) g
- \[2lg, 1214,

1+6,\° .

( f f (q161)(q265) ) ( +2 2) lpa(ar, ay)l"
1+6 1-6 .
+( +2 ‘) ( . 2) \0alar, o)l

(1—01) 1+6,

y

(1+91

) lpa(by, ar)l"

1-6
( > 2) lpa(by, b)|"

(1 _gl)wl by

15

1
1+6,\(1-¢ it
—6‘3( 5 2)( 5 2)(02—172)2} Odq2920dq191)

( q192 ) g
2], [2]g,

X(leqz( 1 N 1
2 (121, [s+2]ql

1 I ;
)([2]q2 + s+ 2, ) lpalay, az)l

+ o (mq, s+ 2L,1 )([2;% "B ) futer- 2t
+ o ([2]q, Bl )([2;% T2, ) lpaor,
e ([z]ql [311 ) ([21142 ) [31,2 ) loaCor.bo)F
- 7461[1;; ([2;,,1 i} [4;% )(‘” b’
~eiial, ([2]]q2 ) [45@)(“2_[’2)2)}1' .

Combining (3.26)—(3.29) with (3.2), and collecting the four re-
sulting terms, we obtain (3.22). This completes the proof. [

Corollary 3.3. Let A = [a;,b;] X [a2,b;] € R?, and let ® be
twice continuously differentiable on an open neighborhood of
A. Leti; > 1 and suppose that

i

O
Ou Ov

|q)uv|l] =

is coordinated strongly s-convex on A with respect to each of
the modulus pairs

(e1,e2), (e3,eq), (es,eq), (e7,e3),

where e; > Ofor j=1,...,8and s € (0, 1]. Set

1+ 1
T2 s+2

Then, by taking the limits g;,qo — 1~
obtain

in Theorem 3.3, we

|‘D(al,az) + @(ay, by) + D(by, az) + O(by, by)

4
1 b )
’ m[al L D(u, v) dv du
1 b
2y —ayy ), [P @)+ b)) du
1 by
" 2by - an) [©(ay,v) + ©(by,v)]| dv
by — by - 1 -5 1
) %(Z) { 22 755 (AP, an)l”

+ Asle(Duv(alv b2)|il + Asle(Duv(bls a2)|il
+ Bl @, (b1, bo)|")
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e e it
- 3—;(171 —a))’ - 3—;(172 - az)z]

1 . .
+ ﬁ(Asle(I)uv(al s aZ)I” + A?I(Dw(al s bz)|ll

+ Bl®yu (b1, @)l + A Bl @y (b, ba)I")

e e 0
3—;(171 —a))’ - 3—;(172 - az)z]

1 ) )
+ | 535 (AsByl®ular, ar)l" + Bl®,(ar, by)I"

223
+ A2y (b1, @)l + A Bl Dy (b, b))

e e 0
3—;(171 —a))’ - 3—;(172 - az)z]

1 . .
+ | 55 (BADw(ar, apl + A Byl (ar, b)l"

223
+ AsBxchuv(bl 5 aZ)Iil + A?M)uv(bl 5 b2)|il)

e e %
51 —an’ = b - az)z] } (3.30)
4. Numerical examples

In this section, we present several numerical examples to il-
lustrate the obtained results and verify the established inequali-
ties.

Example 4.1. Consider the function
W(u,v) = utv?,  (u,v) €[1,3]1x[1,3].
By Definitions 2.13 and 2.14, we obtain

1105, 4, P, v)

(u,v) =
7! 16‘]1” 1642‘)
= ([z]qlu +1- QI)([Z]qzv +1- 6]2),
302 WP(u,v)
(u,v) = -
¥2 10g,u3dg,v

1050, Y v)
36!]1“ 161]2‘/
= ([2]qlu + 3(1 - QI))([z]qZV + 1 - q2),

@3 (I/t, V) =

and
352 4 )
304,u3d,,v
= ([2]gu + 3(1 = gD)([2]g,v + 3(1 = ¢2)).
Since u,v € [1,3] and g1, g» € (0, 1), all four mixed partial
g-derivatives are positive on A. Therefore,

o4, v) =

loi(u, V)| = ¢i(u,v), i=1,2,3,4.

16

16
Moreover,
Y
lim ¢;(u,v) =4uv = ——w,v), i=1,2,3,4,
Q-1 ou dv
Q-1

which agrees with the corresponding classical mixed partial
derivative.

Example 4.2. Let ® : A = [1,3] X [1,3] — R be defined by
®(u,v) = u?v3. Using Definitions 2.13 and 2.14, we obtain

o1(u,v) = [u2 +u(qiu+1—-qi)+ (qu+1 —611)2]
X [v2 +v(qgpv+1—q)+(gv+1-— Q2)2],

2(u,v) = | + ulquu+ 1= q) + (quu+ 1 - 17|

X [vz +v(q2v +3(1 = q2)) + (q2v + 3(1 - 612))2],
@3, v) = [0 + ulqru+3(1 = g1)) + (quu +3(1 = q1))’

x|V +v(qav+ 1 - a2) + (g2v + 1 - 42)?),
oa(u,v) = [u2 +u(qiu+3(1 —q1) + (qru+3(1 - 6]1))2]

x [V + v(gav + 3(1 = 2) + (q2v + 3(1 — q0))’].
Since u,v € [1,3] and ¢q;,¢> € (0, 1), all the factors in these
expressions are positive. Therefore,

lpi(u, V)| = @i(u, v), i=1,2,3,4.

Moreover, the mixed partial g-derivatives are continuous on
the corresponding compact subrectangles and are therefore g-
integrable. We next verify the coordinated strong s-convexity
required in Theorem 3.1. Direct calculation gives

dZ

@[xz +x(gx+1—g)+(gx+1— q)z] = 2031,
d2
ﬁ[ 24+ x(gx+3(1 — @) + (gx +3(1 — q))z] =2[3],.

For every x € [1,3] and g € (0, 1), the shifted arguments
gx+1—-—g and gx+3(1-¢q)

belong to [1,3]. Since x> + xz + 72 > 3 whenever x,z > 1, it
follows that

x2+x(qx+ 1-¢)+(gx+1 —q)2 > 3,
2+ x(gx+3(1 = ¢) + (gx +3(1 - q))2 > 3.
Consequently, for i = 1,2, 3,4,

&l

ou?

(u,v) 2 6[3],, 26

and
Ploil
o2
By the second-derivative characterization of strong convexity, a
twice differentiable function f is strongly convex with modulus

(u,v) 2 6[3],, > 6.
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¢ whenever f” > 2c. Thus, each |¢;| is coordinated strongly
convex with respect to (3, 3). Moreover, for s € (0, 1],

>, A-1'>1-r1, €[0,1].

Since |p;| > 0, the strong convexity inequality therefore implies
the corresponding strong s-convexity inequality with the same
moduli. Accordingly, each |¢;| is coordinated strongly s-convex
with respect to (3, 3) for every s € (0, 1].

Accordingly, we take

el26226326426526626726823.

We now evaluate the left-hand side of Theorem 3.1. First,

O(1,1) + O(1,3) + O3, 1) + O3, 3)

4
_ 1+27+27+729

4

The four double g-integrals are

[ [ o

_(8_ 2 6 1 )
UL Bl M,

= 196.

( 12 6 1 )
X |8 — + - ,
2l Ble 4

2 3
ffu3v32dq2v2dqlu
1 J2

12 6 1
e

2, Bl @,
( 12 6 1 )
x |8 +

+ + ,
2],  [Ble,  [4lg
3 2
[
2 Ji
—(8+ 12 + 6 + ! )
U Rl Bl 4
( 12 6 1 )
X |8 — + - ,
(2], [Ble,  [4lg
3 3
ffu3v32dq2vqulu
2 J2

( 12 6 1 )
=(8+ + +
2]g,  [Blg  [4lg

12 6 1
X (8 + )
Hence, their sum is

2, Bl @)
12

16 + —— || 16

( +[31q,)( ’

The four boundary g-integrals are

2
dg,v2dgu

12 )
315, )

2
f (D, 1) + D(u, 3)) *dy,u
1

12 1
~28s - 0 )

+ —
2]g,  [Blg  [4lg

3
f (D(u, 1) + D(u, 3)) 2, u
2

2 6 1 )
(D PR K1 PR G A

=28(8+

2
f (D(1,v) + ®3,v))*d,,v
1

12 N 6 1 )
[2]([2 [3](]2 [4]1]2 ’

=28(8—

3
f (D(1,v) + @3, v)) 2dy,v
2

12 N 6 N 1 )
21, [Bl, [4,)

Therefore, the left-hand side of (3.1) becomes

:28(8+

12

1
L(q1,q>) = ‘196 + = (16 + E) (16 +

12
(16+E)—7(16+
1 1
=36(1-—|(1- .
(el

The values of the mixed g-derivatives at the vertices are as fol-
lows:

12 )
[3]42

12 )
[3]42

A.1)

ler(1, DI =9
ler1(1,3)] = 3(13 + 10q; + 443),
le1(3, DI = 3(13 + 10g; + 447),
le1(3,3) = (13 + 10g; + 447)

x (13 + 10g2 + 4¢3);

le2(1, D] = 3(13 = 14¢5 + 443),
lpa(1,3)] = 81,
le2(3, DI = (13 + 10g; + 447)

X (13 = 14q, + 443,
lp2(3,3)| = 27(13 + 10g; + 447);

lps(1, Dl = 3(13 — 14q, + 44,

|903(1’3)| = 27(13 - 14q1 + 4q%)’
lp3(3, 1) = 81,
(033, 3)] = 2713 + 10g + 42

and

lpa(1, D] = (13 = 14q; + 44}
x (13 = 14q, + 4¢3),

17
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|904(17 3)' = 27(13 - 14q1 + 4q%)’
|‘P4(37 1)' = 27(13 - 14q2 + 4q%),
lpa(3,3) = 729.

It follows that

ler (1, DI+ lea (1, 3)] + |33, DI + lea(3,3)]
=9+ 81+ 81 + 729 =900,

o1 (1, 3)] + lpa (1, D] + lp3(3, 3)| + lpa(3, D]
=780 — 120g, + 24043,

l1(3, DI+ 1p2(3, 3)] + leps(1, )] + lpa(1, 3)]
=780 — 120q; + 24043,

and
lo1(3, 3] + 23, DI + lp3(1, 3)] + lpa(1, D))
= (26 — 4q1 + 8¢1)(26 — 4q> + 843).
Since
b —a)by-a)=3-D3-1)=4
and

elt+estester=etes+eg+eg =12,

the right-hand side of Theorem 3.1 is

_qiq I s I s

Ritan a9 = 22S+2[9°0([21q, [3111])([21@ [31@)
1 s

780 — 120 240¢%) | — - ——

+ @t 42)(% mql)

(o * o)
X +
2], [s+ 2y

1
+ (780 — 120, + 24047) (— +

[2](]1
% ( 1 A )
[2]q2 [3]q2

+ (26 — 4q; +8¢7)(26 — 442 + 845)

)( 1 N 1
[21g,  [s +2lg,

_
[s + 21,

|

X( L,
[2lg  [s+2ly,

343 3q14°
_ q192 _ q19, . (42)
[214,[41g  [2]4,[4]g,
Hence, Theorem 3.1 yields
L(q1,q2) < Ri(q1,92, ), q1,q2 € (0,1), s€(0,1].

Figure 1 illustrates the quantities L(g, q») and Ri(q1, g2, s) for
s=1and s =0.5.

The figure is provided only as a graphical illustration. The
validity of the inequality follows from Theorem 3.1 and the ver-
ified coordinated strong s-convexity of |¢;|.

18

I L(q1. 92)
T Ri(g1.42. 1)
Ri(g1,42,0.5)

q a

Figure 1: Graphical comparison of L(g,q») with the upper
bounds R (q1, g2, 1) and R (g1, g2,0.5) on the tested parame-
ter domain.

Example 4.3. Consider the function ®(u,v) = w3, (u,v) €
A = [1,3] x [1,3], as in Example 4.2. The left-hand side of
Theorem 3.2 is

1 1
L(qy, ):36(1——)(1— ) 4.3)
e 51, )\ Bl
We take
l]—i2—2, a1=a2:1, b1=b2=3.
Hence,
(br—a)br—a) _ 1
16 4
and
i ir /iy
UKD _ 9192
[i2 + 1g, [i2 + 1], V31, Bl

We first verify the hypotheses of Theorem 3.2. Since the mixed
partial g-derivatives are polynomials in u# and v, their squares
are g-integrable on A. From Example 4.2, foreachi = 1,2, 3,4,

ei(u,v) 29,

and
2

8290i 0 Di
W(”? V) > 6, W(“, V) > 6.

Since ¢; > 0, we have

lpil® = ¢,
Therefore,
Ploil? dg; \ P
leil” _ (91 g LY
ou? ou ou?

> 2(9)(6) = 108,
and, similarly,
Ploi?
o2

> 108.
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Since 108 2(54), the second-derivative characterization
shows that |¢;|~ is coordinated strongly convex with respect to
(54, 54). Moreover, |¢;| is nonnegative and 7° > 7, (1 — 7)° >
1—7for s € (0, 1]. Hence, |¢;|* is coordinated strongly s-convex
with respect to (54,54) for every s € (0, 1]. Accordingly, we
take

|2

ep=er=e3=e4=e5=¢5=e7=eg=>54
The squared vertex values required in Theorem 3.2 are
lpr(1, DI =81,
lp1(1,3)1 = 9(13 + 10¢ + 4¢3)%,
lo1(3, DI = 9(13 + 10g; + 4¢3)%,
lp1(3,3)7 = (13 + 10g; + 4¢%)*
x (13 + 10q; + 4¢3)%;

le2(1, DI = 9(13 - 14q; + 443",
lea(1,3) = 6561,
lp2(3, DI = (13 + 10g; +44;)°

X (13 = 14q, + 4¢3)°,
lp2(3,3)1* = 729(13 + 10g; + 44%)%;

les(1, DI = 9(13 — 14q; + 447,

lps(1,3)1* = 729(13 — 14¢; +44;),

33, DI = 6561,

lp3(3,3)1* = 729(13 + 10¢> + 443)%;
and

lea(1, DI = (13 = 14q; + 4q7)*

X (13 = 14g; + 4¢3,

lea(1,3)F = 729(13 — 144, + 447)°,

lpa(3, DI = 729(13 — 1445 + 443)*,

loa(3,3)]> = 531441.

Substituting these values into Theorem 3.2, the first term
inside the square brackets is
1

ﬂlzﬁ

81+9(1+ )(13+ 10g> + 443

[s+ 1],

+9(1+ )(13+10q1+4q§)2

[s+ 1],

+(1+ ! )(1+ ! )
[s+ 1], [s+1],,

x (13 + 101 +4¢2)2(13 + 10g, + 4q§)2]

q1[2]g,
[3]111
The second term is

1
N

92[21g,

- 54 .
[3142

- 54

Ay =

1
9(1 13 — 14q, + 4¢%)?
( +[s+1]q2)( q2 +4q5)

19

1 1
+ 6561 + (1 + —[S+ . )(1 + —[S " 1]q2)

x (13 + 10g; + 4¢1)*(13 — 14q, + 4¢3)*

1
729(1 + ——— | (13 + 10q; + 4¢%)?
+ ( +[s+1]ql)( +10g; + ql)}
_54611 [2]q1 _ q2[2]q2.
[3]q1 [3]42
The third term is

1 1
Ay = = |91 + ————| (13 = 14q; + 4¢>)*
3 225[ ( [S+1]q1)( q1 q7)

+729(1 + ! )(1 + ! )
[s + 1], [s + 11,
x (13 - 14q; +4¢3)°

+6561 +7z9(1 + )(13+ 1092+4Q§)2}

[s + 1],
Q1 [2](]1 612 [2]42
- 54 - 54 .
[3](11 [3]Q2

Finally, the fourth term is

1 1 1
-y 1
Hs 223[( +[S+1]q1)( +[s+l]q2)
x (13 = 14q; + 4¢°)2(13 — 14q, + 4¢3)*

1

729(1+ ——— | (13 = 14¢; +4¢>)?
+ ( +[S+1]q1)( q1 +4q7)
729(1 13 — 14q> + 4¢2)>
+ ( +[s+1]q2)( g2 +4q3)

2 2

531441 | - 541 5, 2L
[3]‘11 [3]q2

Consequently, the right-hand side of Theorem 3.2 becomes

q192
Ry(q1,92,58) = —————
4 [3]q1 [3]q2 (4.4)
X (\/ﬂ] + \/ﬂz + \/ﬂ3 + \/ﬂ4).
Therefore, Theorem 3.2 gives
L(g1,92) < Rx(q1, 92, 8), q1,q2 € (0,1), s€(0,1].

Figure 2 illustrates the quantities L(q1,q2), Rx(q1,42, 1), and
Ry(q1,92,0.5).

The figure is provided only as a graphical illustration. The
validity of the inequality follows from Theorem 3.2 and the ver-
ified coordinated strong s-convexity of |¢;|?.

Example 4.4. Consider the function
O(u,v) = u’V’, (u,v) € A =[1,3]x[1,3],

as in Examples 4.2 and 4.3. Its four mixed partial g-derivatives
exist on A°. Moreover, since these derivatives are polynomials
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Figure 2: Graphical comparison of L(g,q,) with the upper
bounds R»(q1,q2, 1) and Ry(q1,g2,0.5) on the tested parame-
ter domain.

in u and v, their squares are g-integrable on A. The left-hand
side of inequality (3.22) is

1 1
L(g1,q2) =361 — — |1 - . 4.5
S (R o (e m M

To apply Theorem 3.3, set
i1=2, (112(12:1, b1:b2=3.

Thus,
I 1 b1 —a)ba—ay) 1

q 2 16 4
As shown in Example 4.3, each
leil?,  i=1,2,3,4,

is coordinated strongly s-convex with respect to (54, 54) for ev-
ery s € (0, 1]. Hence,

€1=€2="'=€3=54.

For convenience, set

1 s 1 1

“ oL B, P, Theay

and
X;=13+10g; + 44, Y; =13 - 14¢; + 443, j=1,2.

The squared vertex values required in Theorem 3.3 are

lp1 (1, DI* = 81, 1 (1,3)* = 9X3,
lp1 (3, DI* = 9X7, lp1(3,3)1* = X7X3;
lp2(1, DI = 973, lpa(1,3)]* = 6561,
lp2(3, DI = X7Y53, lp2(3,3)17 = 729X7;

20

les(1, DI* = 9Y7, lps(1,3)* = 72977,

lps(3, DI* = 6561, lp3(3,3)I* = 729X3;
and

lea(1, DI* = Y113, lpa(1, 3)1* = 729Y7,

lpa(3, DI = 72977, lpa(3,3)I* = 531441.
Since

(a1 = b1 = (a2 = b2)* = 4,
the first quantity on the right-hand side of Theorem 3.3 is

Cl_CIIQ(

8lajay + 9X2(Z],32

+9X7B1a + X{ X35182)
_ 54q1QQ ( 1 1 )
[

2, \121, 4]y,
_ 54q1 q> ( 1 _ 1 )
[2]q1 [2]1]2 [4](]2 .

The second quantity is

C: = LE (908 aip; + 6561010,
+ X3Y3B1B2 + 129X 12)
_54q1q2( 11 )
[2]q2 [2]111 [4]111
_ 54Q1QQ ( 1 _ 1 )
[2]q| [2]qz [4]112 .
The third quantity is
Cs = qzlff (9¥3B122 + 729¥28:,

+6561a1a; + 729X301,)
_ 54q1q2 ( 1 _ 1 )
[

[2]112 2]611 [4]611
_ 54q1 q> ( 1 _ 1 )
[2]q1 [2]1]2 [4](]2 .

Finally, the fourth quantity is

Cy= q212qu (V238182 + 729V} B2
+729Y3018, + 53144101 )
54q:9> 1 1
2l ([2]q1 B [4]q1)
54q1q2 [ 1 1
2l ([2]q2 - [4]@)'

20

Consequently, the right-hand side of Theorem 3.3 becomes

N 1/2
R3(q1,q2,5) = (W)
q1 q2

x(\/_1+ Cr + \/CT3+ \/CT4)

(4.6)
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Ry(1, 42, 0.5)
150 -

Value

92

Figure 3: Graphical comparison of L(g,q,) with the upper
bounds R3(qi, g2, 1) and R3(q;, g2,0.5) on the tested parame-
ter domain.

Table 1: Minimum numerical gaps on the 401 x 401 grid over
[0.01,0.99]°.

Bound s Minimum gap  Location (g1, ¢»)
R, 0.012917993379 (0.01,0.01)
R, 0.5 0.051277462362 (0.01,0.01)
R, 1 0.031986556559 (0.01,0.01)
Ry 0.5 0.046740669420 (0.01,0.01)
R; 1 0.017299138977 (0.01,0.01)
R3 0.5 0.036536611710 (0.01,0.01)
Hence,
L(q1,q2) < R3(q1, 92, 9), q1,92 € (0,1), s€(0,1].

Figure 3 illustrates L(qi,q>) together with the bounds
R3(g1,42, 1) and R3(q1, ¢2,0.5).

The figure is included only as an illustration. The inequality
follows from Theorem 3.3 and the verified coordinated strong
s-convexity of |¢;|%.

4.1. Numerical procedure and minimum-gap analysis
For the numerical computations, the parameter domain was

truncated to
[0.01,0.99] x [0.01, 0.99].

All calculations were performed in MATLAB using double-
precision arithmetic on a uniform 401x401 grid, with grid spac-
ing 0.00245 in each direction and numerical tolerance 107'2.
The minimum gap was determined by evaluating

Ri(q1,q2,5) — L(q1, q2), i=1,2,3,

at every grid point; thus, an exhaustive grid search was per-
formed over all 4012 parameter pairs.

No negative gap below the prescribed tolerance was de-
tected. These computations provide finite-grid numerical
checks and are not used as proofs over the continuous parameter
domain. The MATLAB scripts used for the numerical compu-
tations and figures are provided as supplementary material.

21

21

Remark 4.1. The numerical computations yielded nonnegative
gaps at all tested grid points for s = 1 and s = 0.5. These results
illustrate the estimates established in Theorems 3.1-3.3; their
validity follows from the corresponding theoretical results.

5. Conclusion

We established several quantum trapezoid-type inequali-
ties for coordinated strongly s-convex functions on rectangles.
The results were derived from mixed quantum integral identi-
ties using direct estimates, the quantum Holder inequality, and
the quantum power mean inequality. The symmetric modu-
lus convention was applied consistently to both coordinates,
and the corresponding classical inequalities were obtained as
q1.q2 = 17

The assumptions of the main theorems were verified
through explicit examples. Numerical computations on spec-
ified finite grids, together with the reported minimum gaps, il-
lustrate the obtained bounds.

The approach may also be applied to quantum midpoint-,
Simpson-, Ostrowski-, and Hermite—Hadamard-type inequali-
ties for other classes of generalized convex functions.
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